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Summary 

One of the major sources of ground-borne vibration is the running of trains in 

underground railway tunnels. Vibration is generated at the wheel–rail interface from 

where it propagates through the tunnel and surrounding soil into nearby buildings. The 

resulting vibration and re-radiated noise causes annoyance to occupants particularly in 

the frequency range 0 to 200Hz. An understanding of the dynamic interfaces between 

track, tunnel and soil is essential before engineering solutions to the vibration problem 

can be found.  

This dissertation is concerned with the development of a computational model to 

evaluate the effectiveness of vibration countermeasures in underground railway tunnels, 

such as railpads and floating-slab tracks. The model is based on a new method for 

calculating the mean power flow from the tunnel, paying attention to that part of the 

power which radiates upwards to places where buildings' foundations are located. The 

mean power is calculated for an infinite train moving through the tunnel with a constant 

velocity. 

To evaluate the effectiveness of vibration countermeasures, a comprehensive three-

dimensional analytical model is developed. It consists of Euler-Bernoulli beams to 

account for the rails and the track slab. The slab is modelled in both bending and torsion 

and coupled via several lines of bearings to "the pipe-in-pipe model", which consists of 

a thin shell (the inner pipe) representing the tunnel embedded within an infinite 

continuum with a cylindrical cavity (the outer pipe) representing the surrounding soil. 

Coupling is performed in the wavenumber–frequency domain. 

Wave propagation in the pipe-in-pipe model and floating-slab tracks on rigid 

foundation are studied. The study shows the effect of vibration countermeasures on the 

dispersion curves of the track. This in turn has a great effect on the forces generated at 

the tunnel wall and hence on the vibration propagated to the surrounding soil.  

The dissertation also investigates the dynamic effect of moving trains on floating 

tracks with continuous and discontinuous slabs. Simpler models are used treating the 

tunnel wall as a rigid foundation. A track with discontinuous slab provides a parametric 

excitation to moving trains which can be significant especially for high-speed and 

heavy-axle trains.  
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Chapter 1 

INTRODUCTION 
 

In 1863 the first underground railway system in the world was opened in London. This 

was followed by other systems in Glasgow (1896), Paris (1900) and Berlin (1902). 

Today there are many other underground railways around the world, for instance in 

New York, Caracas, Athens, Cairo, Tehran and Sydney.  

A serious disadvantage of underground railways is that vibration propagates through 

the tunnel and surrounding soil into nearby buildings causing annoyance to people. 

Vibration is either perceived directly or it is sensed indirectly as re-radiated noise. A 

third and very significant source of disturbance is due to movement of household 

objects, especially mirrors, or by the rattling of windowpanes and glassware.  

Research on vibration from underground railways is carried out in response to an 

ever-increasing number of complaints. The aim of the research is to identify the 

generation–propagation mechanisms and to provide economic vibration-

countermeasures for old underground tracks as well as a better design for new tunnels.  

The research in this dissertation aims to develop a better understanding of vibration 

from underground railways. This chapter provides an introduction to the work presented 

in the later chapters. It explains the reasons for undertaking this research and sets out the 

objectives and the outline of the dissertation.  

 

1.1 Motivation for the research  
 

Inhabitants of buildings near railway tunnels often complain about vibration. The 

problem is of increasing importance for the following reasons: 

 

• the introduction of new underground lines in urban areas;  

• the general trend towards buildings with lighter constructions and longer spans 

which may lead to more vibration in buildings; 

• the increasing public sensitivity to noise and vibration; 
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• the pressure to build on lands not previously used due to their proximity to subways. 

 

To tackle the problem, the following areas should be addressed: 

 

• identifying the permissible levels of vibration in buildings and quantifying the 

human perception of vibration; 

• studying the vibration generation–propagation mechanisms; 

• developing a computational tool capable of predicting vibration from underground 

railways; 

• creating a quick computational tool capable of identifying the effect of vibration 

countermeasures; 

• maintaining the best design practice for underground tunnels. 

 

The human perception of vibration is addressed by carrying out interviews with 

people living near subways along with conducting measurements in laboratories and 

people's houses, see Chapter 2 for more details. An accurate prediction tool can be built 

using the Finite Element method (FEM) or the Boundary Element method (BEM). 

These methods can account for complex geometry provided that the large number of 

describing parameters are known. However they cannot easily be used as a design tool 

on account of the long running time involved. Analytical and semi-analytical models in 

3D can be used to reduce computational time (at the expense of prediction accuracy) 

and they can be very useful in understanding the generation–propagation mechanisms.  

 

1.2 Objectives of the research 
 

There are two main aims of this dissertation. The first is to develop a better 

understanding of vibration from underground railways. The second is to provide a 

computational tool which can be used in the design of tunnels and to assess the 

performance of vibration countermeasures. This is important because vibration 

measurements are difficult to conduct and also because the performance of vibration 

countermeasures cannot sensibly be evaluated by trial and error. To fulfil these two 

main aims there are specific objectives that should be achieved: 
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1. to model various tracks in particular floating-slab tracks with continuous and 

discontinuous slabs. The model will be used to understand the effect of train 

velocity and excitation frequency on the generated forces at wheel-rail interface in 

both types of slabs and to address parametric excitation associated with 

discontinuous slabs;  

 

2. to develop a 3D model which maintains computational efficiency while accounting 

for the essential dynamics of the track, tunnel and surrounding soil. This model will 

account for the different types of slab connectivity on the tunnel wall;    

 

3. to provide a better understanding of wave propagation in the track, tunnel and 

surrounding soil. This will be addressed by looking into a wave-guide solution; 

 

4. to model power-flow from underground railway tunnels. This will provide a better 

performance measure than currently available, as it accounts for both the stress and 

velocity fields around the tunnel. The current measures account only for velocity 

fields.   

 

1.3 Outline of the dissertation 
 

This dissertation comprises six chapters. Chapter 2 reviews the literature relevant to the 

work presented in following chapters. It reviews in particular the impact of vibration, 

excitation mechanisms, modes of propagation, vibration countermeasures and modelling 

of vibration from surface and underground trains. The chapter identifies areas which 

should be addressed by research.    

Chapter 3 models tracks with continuous and discontinuous slabs under harmonic 

moving loads. Continuous slabs are modelled using the Fourier transformation method. 

Wave propagation is studied and the critical velocity is identified. Also a power 

calculation is performed to verify the results for this type of track. Three different 

methods are presented to model tracks with discontinuous slabs. These are the Fourier–

Repeating-unit method, the Periodic-Fourier method and the Modified-phase method. A 

train model is coupled to the track to calculate the dynamic effect of slab discontinuity. 
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A comprehensive model of a railway track in an underground tunnel is presented in 

Chapter 4. Different types of slab connectivity are modelled. A study is conducted to 

understand wave propagation in the free tunnel, free soil, a track on rigid foundation and 

the coupled track-tunnel-soil system.  

A new method is presented for calculating vibration from underground railways in 

Chapter 5. The method is based on calculating the mean power flow from the tunnel, 

which radiates upwards to places where buildings' foundations are expected to be found. 

The model presented in Chapter 4 is used to perform the calculation. The method is 

used to evaluate the effectiveness of vibration countermeasures such as soft railpads and 

floating-slab tracks.  

Finally, based on the work presented in this dissertation, overall conclusions and 

suggestions for further research are given in Chapter 6.  



Chapter 2 

LITERATURE REVIEW 
 

Introduction  
 

Researches on ground-borne vibration have gained a special interest in the last two 

decades. The general structural trend towards lighter constructions with longer spans, 

along with the introduction of new surface and underground railway-lines in urban areas 

have led to more vibration inside buildings. This in turn has led to more complaints 

from occupants of buildings. Researches aim to gain better understanding of the physics 

behind the generation and propagation of vibration from different sources to buildings 

and to help decrease the vibration by providing some countermeasures. Many researches 

have been conducted to study different aspects of the problem. In Cambridge University 

for example, Hunt [45] investigates ground-borne vibration induced by traffic. Cryer 

[18] studies vibration in buildings with application to base isolation. Lo [71] 

investigates vibration transmission through piled foundations. Ng [84] studies 

transmission of ground-borne vibration from surface railway trains. Forrest [29] models 

ground vibration from underground railways. Talbot [107] discusses a generic model to 

assess the performance of base-isolated buildings.  

The reader with more interest on ground-borne vibration can find, beside this 

chapter, other literature reviews for modelling and measuring of ground-borne vibration. 

For example, Hung and Yang [44] review the studies on ground-borne vibration with 

emphasis on those induced by trains. Hunt and Hussein [50] discuss prediction and 

control of ground-borne vibration transmission from road and rail systems and review 

some of the relevant literature.  

This chapter is divided into five sections discussing the impact of vibration, 

excitation mechanisms, modes of propagation, vibration countermeasures and modelling 

of vibration from trains. The work of Forrest [29] is of particular interest and discussed 

at the end of Section 2.5.3 in some detail, as it forms the basis for the work presented in 

this dissertation.  
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2.1 Impact of vibration 
 

People are exposed to vibration in daily life in various ways depending on their life 

style and the nature of their work. Human reaction to vibration is the subject of 

extensive research. The perception of vibration varies from person to person. According 

to the BS 6841:1987 [11], there are many factors which influence human response to 

vibration. The factors fall into two categories:  
 
1. intrinsic variables, which include population type (age, sex, size, fitness, etc.), 

experience, expectation, arousal, motivation, financial involvement, body posture and 

activities; 

2. extrinsic variables, which include vibration magnitude, vibration frequency, vibration 

axis, vibration input position, vibration duration, seating and other environmental 

influences (noise, heat, acceleration and light). 
 

Vibration can degrade health, influence activities, impair comfort and cause motion 

sickness [11], depending on its magnitude, frequency and exposure duration. It is found 

[2] that exposure to high frequency vibration with low amplitude for long periods of 

time affects concentration ability, while exposure to low frequency vibration with high 

amplitude for short periods may cause muscular or internal organ injury. Vibration also 

can cause malfunctioning of sensitive equipment [37].  

Ground-borne vibration is distinctive in that it is generally not problematic above 

200 Hz [56]. At higher frequencies the attenuation along the path through the ground is 

strong. Vibration is observed in buildings and can be attributed to different kind of 

sources, for instance, transportation systems (road vehicles, trams and trains) and 

construction activities (piling, excavating and demolishing). In general, the effect of 

ground-borne vibration is annoyance to people rather than damage to buildings [90,94]. 

However, damage may occur to historical buildings. It is reported by Hildebrand [43] 

that fear of damage to historic structures in Stockholm's medieval quarter 'Gamla Stan' 

has been one of the obstacles to the building of a new railway track intended to relieve 

overcapacity on the existing lines.  

Beside its impact on buildings' occupants and equipment, ground-borne vibration 

from railway trains can cause instability of track embankments, damage to wayside 
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building foundations, fatigue cracks in sleepers and asymmetrical settlement in ballast 

[43]. 

The effect of vibration on occupants depends on the source itself, its distance from 

the building and the physical properties of the ground supporting the source and the 

building. Inhabitants perceive vibration either directly as motion in floors and walls or 

indirectly as re-radiated noise. A third and very significant source of disturbance is due 

to movement of household objects, especially mirrors, or by the rattling of 

windowpanes and glassware.  

Many studies and standards address the vibration effect on buildings' occupants and 

equipment. The British standard BS 6472:1992 [10] provides a general guidance on 

human exposure to building vibration in the frequency range 1 to 80 Hz. It provides 

curves for equal annoyance for human plotted as root-mean-square acceleration versus 

frequency. Some measures are used to determine the probability of having adverse 

comments from the occupants due to annoyance. The vibration dose value (VDV) is 

used as a vibration measure which takes into account the time history of the vibration 

(whether continuous or intermittent) for the day or the nighttime. 

Experimental work by Duarte and Filho [24] shows that the sensitivity of people to a 

sinusoidal vibration decreases with frequency up to around 40-50 Hz. This is because 

the human-head resonates around 20-40 Hz and hence it makes the person sensitive to 

even low amplitudes of vibration. Sensitivity increases again in the range between 50-

100 Hz where the chest wall and ocular globe resonate. The work shows also that 

women are more sensitive to vibration than men. 

Gordon [37] develops a generic vibration criteria (VC curves) for vibration-sensitive 

equipment. These curves are plotted in similar way to the ISO 2631-2:2003 [54] 

guidelines for the effects of vibration on people in buildings. Vibration is expressed in 

terms of its root-mean-square velocity and plotted as a one-third-octave band. For a site 

to comply with a particular equipment category, the measured one-third octave band 

velocity must lie below the appropriate criterion curve, see Figure 2.1. 
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Figure 2.1: Generic Vibration Criterion (VC) curves for vibration-sensitive equipment -showing also the 

ISO guidelines for people in buildings (reproduced from [37]). 
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With more complaints about ground-borne vibration, many surveys are conducted to 

assess the vibration effect on buildings' occupants and to help establishing standards. In 

Nagoya in Japan for example, the city authority conducts surveys about every five years 

to investigate the state of noise and vibration environment in the city area [88]. 

A noise and vibration study by Fields [27], based on interviews with people who live 

near railway tracks, finds a generally high level of dissatisfaction within 25m of the 

track. People interviewed in the range 25m to 150m from the track report rapidly-

diminishing levels of complaint and for distances beyond 150m there is a uniform and 

low-level of complaint. The study shows that many factors affect perception such as the 

duration of vibration, the time of day, background vibration levels and various 

psychological factors such as whether the railway is visible. Turunen-Rise et al. [115] 

and Klaboe et al. [61] present a new Norwegian standard NS8176 for vibration in 

buildings from road and rail traffic. The standard introduces a single quantity to 

describe the vibration in buildings. This quantity is the statistical value of maximum 

velocity or acceleration,  and  respectively. These are calculated by recording 

the vibration for at least 15 passing trains or vehicles. For each record the 1/3-octave 

band frequency spectrum is calculated and weighted with weight-values proportional to 

the human response at each band. Assuming a log-normal distribution of the root-mean-

square values,  and  are calculated from the velocity and acceleration with a 

non-exceeding probability of 95%.  In this standard, vibration should be measured in a 

position and direction in the building which gives the highest vibration. A survey is 

conducted by questioning people who live in buildings where v  and  were 

calculated using a prediction model. According to the survey, it is found that there is no 

significant difference in reactions to vibrations from different sources. The prediction 

model which is validated by some measurements, takes into account the track quality, 

the ground conditions, distance from vibration sources, vehicle speeds and amplification 

of the vibration from the ground into the building. According to the study, buildings are 

classified into four categories (A to D) describing the building state in terms of 

vibration. In order to provide a common answer format for socio-vibrational studies and 

a better data exchange from future surveys to assess human perception of vibration in 

buildings, Klaboe et al. [62] present a methodology to standardize carrying out a survey. 

95,Wv

95,Wa

95,Wa

95,Wv

95,W 95,Wa
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Research on ground-borne vibration, especially from underground railways, has 

recently gained prominence on account of the need to establish new underground 

tunnels in cities and pressure to put high-speed intercity lines underground near 

residential areas. A particular feature of underground trains is the widespread notion 

that once underground the problem of noise goes away.  But pure vibration in the 

absence of noise can be unnerving and more disturbing than vibration from surface 

trains which are audible. Also of concern is that underground tunnels may pass near 

building foundations causing significant structural vibration. To address these issues a 

programme of research entitled CONVURT [16] (CONtrol of Vibration from 

Underground Rail Traffic) was established under the 5th framework of the EU program 

for research, technological developments and demonstration.  The project has four main 

objectives: the first is to create validated innovative and quantitative modelling tools to 

enable accurate prediction of ground-borne vibration transmission into buildings. The 

second is to develop and evaluate new and cost effective track and tunnel components to 

reduce ground-borne vibration and especially to develop devices capable of being 

retrofitted to existing track. The third is to provide scientific input to allow the 

preparation of international standards. Finally, CONVURT aims to establish guidelines 

of good practice for underground railway operation in order to maintain minimum 

vibrations for the lifetime of operation. 

 

2.2 Excitation mechanisms 
 

Significant vibration in buildings near railway tracks and subway tunnels is attributed to 

moving trains. There are five main mechanisms for the generation of vibration from 

moving trains. These mechanisms are discussed in the following paragraphs.  

The first mechanism arises when successive axles of the train pass by a fixed 

observation point. The response of the observation point exhibits a peak when the 

simultaneous position of one of the wheels lies at the nearest track point to the 

observation point. It shows a trough when the nearest track point to the observation lies 

between two axles. The mechanism is known as the quasi-static effect and it is modelled 

by static forces (each force equal to the static force transmitted at the rail-wheel 

interface) moving along the track with the train velocity. The effect is distinguishable 
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close to the track and it significantly contributes to the low-frequency response in the 

range 0-20Hz [56,100].  

The second is known as the parametric excitation mechanism and it is attributed to 

varying stiffness under moving wheels. The rail is discretely supported by sleepers at 

regular distance (typically 0.6m). A moving wheel over the rail experiences high 

stiffness at a sleeper and low stiffness between two sleepers. When the wheel moves 

with a constant velocity over the rail, it applies a periodic force with time-periodicity 

equal to the sleeper spacing divided by the wheel velocity.  The force can be 

decomposed into Fourier series with principle frequency equal to the train velocity 

divided by the sleeper spacing. A measured acceleration spectra near railway track is 

presented by Heckl et al. [41]. It shows that peaks appear at some distinctive 

frequencies such as the sleeper-pass frequency and also that the response can be large if 

the wheel-track resonance coincides with one of the sleeper-pass harmonics, see also 

[43]. 

The third mechanism occurs due to height differences at rail joints and crossings. 

Wheels apply impulsive loading to the rail at these joints because wheel’s curvature 

does not follow sudden jumps or rails' discontinuities. Significant force levels can be 

produced in the rail and on trains. Also the noise produced by this excitation mechanism 

is annoying for passengers of the vehicle. This mechanism is becoming less important 

with the increasingly-widespread use of continuously-welded track.  

The fourth source of vibration is that generated by rail and wheel unevenness or 

roughness. For an ideal case of smooth-wheels train, a mutual force occurs at the wheel-

rail interface when a wheel moves over a continuous rail (attached to uniform ground) 

with a given wavelength-roughness. The mutual force has a frequency equal to the train 

velocity divided by the wavelength and it is influenced by the inertial force of the train 

at the same frequency. Typical rail roughness has higher amplitude of unevenness for 

long wavelengths [30], while wheel roughness seems to have constant unevenness for 

wavenumbers in the frequency range of interest of ground vibration [22].   A major 

source of rail roughness is corrugation at wavelengths typically around 25mm to 50mm 

[85], but they generate vibration at frequencies well above 250Hz. These frequencies 

are attenuated by the ground and hence they are not transmitted to buildings nearby 

railways. 
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The fifth and final mechanism is generated by high-speed trains. In this mechanism 

very large amplitudes of vibration can be generated when train speeds approach or 

exceed either the speed of Rayleigh surface waves in the ground or the minimal phase 

velocity of bending waves in the track, see Figure 2.2. In low-speed urban rail networks 

no attention should be given to this mechanism because the speed of trains is low 

compared with all critical wave-propagation speeds. In recent years some attention has 

been given to this mechanism due to the increasing international trend towards higher 

speed trains. For the case of very soft soil, critical speed can be easily exceeded by 

modern trains. If the train velocity exceeds the Rayleigh wave speed, a ground vibration 

boom occurs. In a location near Ledsgard in Sweden, the Rayleigh wave speed velocity 

in the ground is around 45m/s. An increase in train speed from about 38m/s to 50 m/s 

led to an increase of about ten times in the generated ground vibration [67]. If train 

speed increases further to the point where it reaches the minimal track phase velocity, 

larger deflections might occur and this might result in train derailment. 

There are other special sources of vibration excitation in addition to the five 

mentioned above. For instance, vibration is generated when a train approaches a bridge 

due to the change of trackbed stiffness and geometry [47]. However, this can be 

classified as a parametric excitation.  
 

 

 

 
Figure 2.2: Average measured downward and upward vertical displacement of a track with different train 

velocities (reproduced from [58]). 
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2.3 Modes of propagation 
 

Vibration propagates from the source to the receiver through motion of particles in the 

transmission path. One way to understand the motion mechanism is by looking into the 

wave-guide solution. The simple one-dimensional wave-guide solution results from the 

differential equation 

 

                                            2
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where y is the particle displacement,  is constant, x and t are the distance and time 

respectively. The solution of this equation can be written as 
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which describes a non-dispersive (i.e. wave speed is independent of the excitation 

frequency) propagating-wave solution.  and  are constants and can be determined 

from the boundary conditions. The first term in the right hand side of equation 2.2 

accounts for a wave propagating in the positive x direction with a velocity  and the 

second term accounts for a wave propagating in the negative direction with the same 

velocity . A physical example satisfying equation 2.1 is the unforced-motion of an 

undamped string [38]. Differential equations with different orders and added terms to 

equation 2.1 may result in non-dispersive wave-solution and/or existence of other type 

of waves which are associated with the source near-field response.  

1A 2A

0c

0c

In this dissertation, the pipe-in-pipe "PiP" model is used in which an underground 

tunnel is modelled as a hollow cylinder and the surrounding soil is modelled as an 

infinite domain containing a cylindrical cavity. The model is used by Forrest [29] to 

model an underground tunnel and its surrounding soil and by Kopke [65] to model a gas 

pipe in an infinite soil, where in both the models only symmetrical loads are considered. 

The relevant literature of wave propagation related to this model is reviewed in the next 
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sections, in which wave propagation in a full-space and a half-space media and wave 

propagation in cylindrical shells are discussed.  

 

2.3.1 Wave propagation in a full-space and a half-space media  
 

In an infinite isotropic elastic continuum, two types of non-dispersive waves can freely 

propagate and these are called the body waves. The first is a dilatational wave, or a 

pressure wave (known as the P-wave). This is a longitudinal wave, where the wave-

front and the medium particles move in the same direction. The second is the 

equivoluminal wave or the shear wave (known as the S-wave). This is a transverse 

wave, where the wave-front and the medium particles move perpendicular to each other.  

In an elastic half-space, both types of body waves decay at the surface and only 

Rayleigh wave propagates freely at the surface. These different waves can be realised by 

applying an impulsive load on the surface and observe the response away from the load. 

Three different waves are received at three different times. The pressure wave is the 

fastest and arrives first, the shear wave comes next and finally Rayleigh wave arrives 

and it is associated with large amplitudes. Rayleigh wave (known as the R-wave or the 

surface wave) is non-dispersive and it is confined near the surface to a depth 

approximately equal to the wavelength. The particles move in elliptical shape in the 

same plane as the wave-front.  The vertical component of particle motion is greater than 

the horizontal component; both components decay exponentially with depth. Away 

from the surface where the Rayleigh wave disappears, motion of particle is attributed to 

body waves.   

Pioneering work of Lamb [69] on the response of an isotropic elastic half-space to 

different kinds of impulsive and harmonic loads forms the basis of all contemporary 

understanding of wave propagation in elastic half-space. For the frequency range of 

interest, the distribution of energy between the three different kinds of waves are 

calculated by Miller and Pursey [80] for an elastic half-space excited by a vertically 

oscillating normal point force on the surface. Of the total input energy, 67% radiates as 

R-waves, 26% as S-waves and 7% P-waves. The calculations performed by Miller and 

Pursey is presented in more informative manner by Woods [118] as shown in Figure 

2.3. 
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Figure 2.3: Wave propagation in an elastic half-space from a vertical surface load showing R- S- and P-

waves (reproduced from [118]). 

 

 

As P-and S-waves spread with hemispherical wave-fronts in the ground their decay 

rate is inversely proportional to the distance from the source. R-waves on the surface 

spread on a circular wave-front and with a decay rate inversely proportional to the root 

square of the distance from the source. Body waves do not propagate freely on the 

surface and their decay rate is inversely proportional to the square distance from the 

source. 

In a layered half-space, where a layer with different properties is overlying a half-

space, dispersive waves propagate on the surface of the upper layer. These waves 

propagate with velocities in the range between the Rayleigh wave speed of the upper 

layer and the shear wave speed of the half-space [101]. Waves propagate above and at 

some frequencies that are known as the cut-on frequencies. The types of propagating 

waves in the ground depend on the ground properties and the boundary conditions. The 

Stoneley wave is another example that appears at the interface of two half-spaces with 

different materials and the Love wave, which is the fastest surface wave, with motion 

perpendicular to the interface [38]. 
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2.3.2 Wave propagation in cylindrical shells 
 

Most of the papers reviewed in this context use the same procedure of analysis. 

Equations of motion are formulated and used to derive the stress equations. For the 

unforced vibration case, the stress equations are equated to zero to calculate the 

dispersion equation. The dispersion equation provides a relationship between the 

angular frequency and the wavenumber in the form 0),( =ωξf , in which wave-

solution in the form of equation 2.3 exists.  

 

                                                                                                                  (2.3) )( xtiey ξω +=

 

where ω  is the angular frequency and ξ  is the wavenumber in the x direction. For a 

positive real value of ω , equation 2.3 represents a wave propagating in the negative x 

direction for a positive real ξ . Generally speaking, three types of waves can be found: 

free-propagating wave when ξ  is pure real, evanescent wave when ξ  is pure imaginary 

and leaky wave when ξ  is complex (more discussions are given in Appendix B).         

McFadden [76] investigates radial vibration of thick-walled hollow cylinders. The 

dispersion equation is formulated for the case of axisymmetrical motion and only real 

wavenumbers are considered. Analytical solution of the dispersion equation is 

calculated. Greenspon [39] and Gazis [33-35] investigate free-propagation in thick 

cylindrical shells and their results are published around the same time. Gazis provides a 

thorough investigation of the problem. The displacement equations are defined for 

different zones of wavenumbers and angular frequencies and written in terms of Bessel 

functions and modified Bessel functions. The dispersion equation, which is calculated to 

be always a real function, is derived in terms of quantities dependent on frequencies and 

wavenumbers and solved by the interval halving iteration technique. At a given real 

wavenumber, zeros of the dispersion equation are searched by evaluating the dispersion 

equation at frequencies with a fixed interval. When a change in the sign is recorded, the 

interval is halved and the direction of search is reversed to get closer to the root. Gazis 

produces dispersion curves for symmetrical and non-symmetrical motions and uses the 

same formulation to calculate dispersion curves for thin cylinders and for rods or what 
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is known as Pochhammer’s modes (The first author to formulate axially symmetric 

vibrations in rods). Gazis also discusses some simple cases degenerate from the 

dispersion equation, e.g. torsion waves and plane-strain motion. All the previous work 

of Gazis can also be found in a book entitled “Free vibrations of circular cylindrical 

shells” [3], where numerical values of the dispersion curves are provided.      

Onoe et al. [89] investigate real, imaginary and complex solutions of the dispersion 

equation of axially symmetric waves in an elastic rod. They construct a mesh in the 

frequency wave-number coordinates through groups of curves that are used as bounds 

for solution branches. The method is ingenious, but perhaps less useful now that 

powerful computational techniques are available.    

Bostrom and Burden [9] study surface waves along a cylindrical cavity. 

Displacement functions are calculated as a summation of the three wave components, 

namely transverse (SH and SV) and longitudinal P-waves. The dispersion equation is 

derived in a closed form. Simplified equations are presented to calculate the cut-on 

frequencies using the limiting forms of the modified Bessel functions. For a surface 

wave to take place along the cavity, its phase velocity should be less than the shear 

wave velocity, as a radial decaying displacement is obtained away from the surface in 

this case similar to surface waves in a half-space. It is found that surface-waves 

propagate along the cavity with a phase velocity in the range between the shear-wave 

velocity and Rayleigh-wave velocity. The effect of various point forces acting near the 

cavity is also investigated.          

The literature on free wave propagation in composite cylindrical shells, cylindrical 

shells filled with water and cylindrical shells surrendered by water is intensive. Epstein 

[26] investigates circumferential waves in a cylindrical shell supported from inside by a 

continuum. The work considers only the two-dimensional plane-strain case. Greenspon 

[40] studies wave propagation of shells surrounded by water. Biot [6] investigates 

propagation of waves in a cylindrical shell containing a fluid, where only axially 

symmetrical waves are considered. Scott [97] calculates solutions of the dispersion 

equation of a thin cylindrical shell, loaded with a fluid from outside. He presents the 

dispersion equation in terms of the fluid-loading parameter. When the fluid-loading 

parameter is equal to zero, the dispersion equation of the shell without the surrounding 

water is generated. When the loading parameter is set to infinity, it gives the dispersion 
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equation of a shell rigidly supported from outside. Starting from zero fluid loading at a 

given frequency, where the roots are calculable, the parameter is increased to full value 

(giving the case of the shell surrounded by fluid) in small steps and Newton-Raphson 

method is used to find new solutions in each step. Having determined the solutions for 

the full-loading parameter, a frequency step is used to determine the solutions for the 

range of frequency of interest.  

Other methods are proposed to find solutions of dispersion equations. An example is 

the bisection method searching for minima of the absolute value of the dispersion 

equation. The method is slow compared with previous methods but it works better when 

two solutions lie in close proximity to each other [72]. It should be mentioned that each 

method has disadvantages and its own treatment for any numerical difficulties and there 

is no best method to find function roots [92].  

 

2.4 Vibration countermeasures 
 

There are many methods to decrease ground-borne vibration at buildings. They 

generally fall into three categories. Vibration isolation can be achieved by isolating the 

source, interrupting the vibration path and/or isolating the receiver i.e. the building. This 

section investigates and discusses the common methods in each category. 

 

2.4.1 Vibration isolation at source 
 

The main advantage of having a vibration countermeasure at the source is that larger 

number of buildings benefit from the countermeasure. 

Source-vibration countermeasures include using low-stiffness train suspensions, 

continuous rail support, soft railpads, resiliently mounted sleepers and floating slab-

tracks. Other countermeasures such as rail grinding, rail welding and wheel truing also 

reduce vibration. However, they are generally considered as maintenance issues rather 

than vibration countermeasures.  

There are two types of railway track: ballasted track and slab track. Ballasted track is 

used for surface as well as underground railways. In this type, sleepers are supported on 

a layer of ballast on the ground. In the other type, i.e. the slab track, sleepers are 
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supported on a concrete slab resting directly on the trackbed and known as directly fixed 

slab.  Floating-slab track is widely known as an effective measure of vibration isolation 

for underground tunnels. Rubber bearings or steel springs are accommodated between 

the slab and the tunnel bed. The slab can be continuous or discontinuous. Continuous 

slab is cast in-situ and discontinuous slab is constructed in discrete pre-cast sections. 

Examples of floating-slab tracks are the 1.5m slab in Toronto, the 3.4m Eisenmann 

track in Munich and Frankfurt, the 7m slab in New York subway and the British 

VIPACT continuous slab system [29]. For surface trains, use of ballast mat underneath 

the normal ballast is analogous to the use of floating-slab track in underground tunnels. 

In some underground tunnels, where ballasted track is used, the ballast mat is used at 

sensitive areas, such as when the tunnel passes near the surface of the ground. An 

example of ballast mat used within a tunnel can be found in MBTA Boston in USA. 

Ballast mats are also used to improve electrical isolation, water drainage, or to reduce 

pulverisation of the ballast [94]. Modern designs of underground tunnels incorporate the 

two types of tracks in one assembly. Sleepers are supported on ballast filling a concrete 

tray, see Figure 2.4.  
 
 

 
 
 

Figure 2.4: Installation of a floating-slab track in the form of precast reinforced concrete tray (courtesy of 

GERB, Germany [36]). 
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For old underground tunnels with directly-fixed slab or ballasted track, use of 

floating slab is not possible and hence rail pads may be the most economic solution for 

vibration problems. A recent advance in the railpad technology involves supporting the 

rail under the head and in the web with large rubber wedges, leaving the foot of the rail 

suspended, see Figure 2.5.  This provides very low dynamic stiffness with minimal rail 

roll, very low profile and enables an easy maintenance of components [91]. The major 

disadvantage of using soft pads is that they permit greater rail vibration and 

consequently increased noise radiation [43].  Moreover, tracks will be more susceptible 

to corrugation growth, which may outweigh the benefit of resilient support [85].  

Vibration isolation can also be achieved at the source by removal of wheel surface 

irregularities and by prevention of wheel surface irregularities. The latter is achieved by 

implementation of improved methods for lubrication at curves. Also rail grinding, rail 

welding, rail alignment, track foundation enhancement, widening of embankment, extra 

heavy tunnel structure and increasing the tunnel depth provide some extra vibration 

isolation [43,94,116]. 
 
 

 
 

Figure 2.5: Vanguard resilient support of 

 

 

Many researchers study the effect of so

et al. [115] discuss different methods for 

present values for the expected-isolation

countermeasures. Reducing resonance and u
a rail (courtesy of Pandrol Ltd, UK [91]). 
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isolation of ground-borne vibration. They 
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to 10-15dB of ground-borne vibration. Rail grinding and wheel truing lead to 10-15 dB 

isolation.  

Lang [70] studies the effect of countermeasures on vibration from trams. This is a 

very special problem because of the very short distance between tracks and residential 

areas. Also, the normal type of track with sleepers-ballast system is not possible for 

tram rails which should be in the same level with the road surface. The work 

investigates the effect of floating slab on mineral wool on Vienna tramway.  

Hildebrand [43] reports about some successful methods of vibration isolation. 

Among these methods, soil stabilisation is used in one site and in-track countermeasures 

(sleeper spacing is reduced, sleeper mass is redistributed so larger mass is directly 

underneath the rail and railpads are installed) are used in another site. It is likely that 

soil stabilisation reduces the vibration by decreasing the quasi-static effect.  
 

2.4.2 Interrupting the path 

 
Isolation of ground-borne vibration can be achieved by interrupting the vibration 

transmission-path with the use of open trenches, infilled trenches and tubular or solid 

row of piles. A trench is more effective in isolating the vibration than a row of piles. 

However, its use is limited to small depths due to soil-instability and water level 

considerations [57]. Trenches and piles diffract the waves and reduce the vibration 

amplitudes. They can be used near a source or near a receiver. Isolation near the source 

aims to reduce body waves and Rayleigh waves. Isolation near the receiver aims to 

reduce only Rayleigh waves, as body waves are rapidly attenuated at the surface away 

from the source. Researches on trenches include the work of Woods [118] who conducts 

full-scale experiments to assess the performance of trenches and sheet wall barriers. The 

trench geometry has a clear effect on the isolation performance. The work concludes 

that larger trenches are required at greater distance from the source to give a certain 

amplitude reduction. Magnification of amplitudes occurs in front (the source side) and 

to the side of trenches. Sheet wall barriers are not as effective as open trenches in 

screening surface waves.  

Lang [70] reports a 6dB reduction in the velocity level near a tramway by using a trench 

filled with ballast. However, very small reduction is achieved away from the track.  
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Developments in numerical methods have advanced the work on modelling of 

trenches. The BEM is preferable for its ability to model an infinite domain and it only 

involves discretization of the surface. Klein et al. [63] use the BEM along with full-

scale measurements to investigate the performance of trenches as a measure of vibration 

isolation. Plots of contours that have the same magnitude of the vibration performance 

are presented. These contours are called the isosurface and the vibration performance is 

defined as the ratio of the vertical response in presence of the trench over that response 

in the absence of the trench. As a general rule, the depth of the trench should be at least 

equal to Rayleigh wavelength in the ground for a good performance as most of the 

energy of the Rayleigh waves is confined to this depth. An existence of any sub-layers 

in the ground may worsen the performance of the trench due to reflection of waves at 

these layers. Kattis et al. [57] present a method to analyse a row of piles by 

transforming the piles into a continuous trench using the homogenisation technique 

which is well-known in the mechanics of fibre-reinforced composite materials. In this 

way, the running time of a BE code is greatly improved. The performance of open 

trenches or piles is found to be better than the concrete filled ones. Also it is found that 

the performance of open or concrete-filled trenches is better than performance of a 

barrier made up of discrete piles.  

 

2.4.3 Vibration isolation of buildings  
 

Base isolation is a common countermeasure to decrease ground-borne vibration in 

buildings. Steel springs or rubber blocks (called ‘bearings’) are placed between the 

building and its foundation to isolate the building from the motion of the ground. 

Bearings are provided in prestressed boxes which help in controlling differential 

settlements of the building and minimise the static deflection. Moreover, base isolators 

may be designed to isolate high levels of vibration from earthquakes. For earthquake 

isolation, systems can be used that are rigid except at extreme earth movements, when 

rigid links break and the isolation system is free to function [48].   

A paper by Hunt [48] presents a review of base isolation of buildings. It discusses 

simple models of base-isolated buildings such as a single-degree-of-freedom system. It 

shows that the performance of such a model agrees with field measurements near the 
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primary frequency of the building where the building moves as a rigid body. At higher 

frequencies, simple models do not work, as they do not account for the building 

flexibility and wave propagation characteristics. The paper also discusses the change of 

ground-vibration field due to base isolation of buildings. Constructing a building 

without an isolator decreases the ground vibration due to its added inertia effect. By 

using an isolator, the building is isolated but the ground vibration is not decreased. 

These counter-effects may decrease the total benefit of using base isolation of buildings.  
 
 

 
Figure 2.6: Base isolation of buildings (courtesy of CDM, Belgium [12]). 

 
 
 
Cryer [18] models vibration in a building with application to base isolation. He uses 

a computationally powerful model of an infinite building with a repeating-unit, analysed 

using the stiffness method and Floquet's theorem. The infinite model shows the same 

general characteristics as a finite model, though it does not show standing waves 

reflecting from the building's boundaries.  

Talbot [107-109] presents a generic model using infinite models in the longitudinal 

direction to assess the performance of base-isolated buildings. He uses the stiffness 

method and Floquet's theorem to model a 2-dimensional multi-story building. This 

building is coupled to a row of piles in a 3-dimensional half-space modelled using the 

BEM and Floquet's theorem to account for periodicity in the longitudinal direction. He 

also introduces the power flow concept as a single useful measure of isolation 

performance. In a different paper, Talbot [110] investigates the effect of side-restraint 

bearings on the vibration isolation performance. The longitudinal, transverse and torsion 
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stiffness of bearings including the side ones influence the isolation performance. The 

stiffness of side-restraint bearings should be minimised to keep the global resonance 

frequencies of buildings as low as possible. It is also found that damping in bearings has 

little effect on the isolation performance. The reader is referred to reference [112], for 

more details about base isolation of buildings.  

 

 

2.5 Modelling of vibration from trains 
 

Surface and underground railways are important sources of vibration in buildings near 

railway tracks. Large amplitudes of vibration generated by trains may cause instability 

of vehicles while low amplitudes may cause discomfort to passengers. For more than 

100 years, many models of tracks have been presented. The purpose of work in this 

field is to provide an understanding of the behaviour of the wheel-rail interaction and 

the nature of noise and vibration generated by trains. This helps outlining the necessary 

conditions for stability of vehicles, comfort of people using vehicles and comfort of 

people live near railway tracks. This section discusses the literature of modelling of 

tracks, modelling of vibration from surface railways and modelling of vibration from 

underground railways respectively.    

 

2.5.1 Modelling of tracks 

 
This section reviews models of tracks on a ground modelled as a uniform stiffness or a 

rigid foundation. Models of tracks on elastic half-space or layered ground are 

considered in Section 2.5.2. The current models are important to investigate the effect of 

properties of the track, train speed, sleeper spacing, rail joints, wheel and rail roughness 

on the wheel-rail interaction. Two types of models are considered, continuous where the 

model is uniform along the track and discontinuous where the model is periodic due to 

sleeper spacing and/or rail joints.   
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Continuous models 

 

A simple and widely accepted model of a track was first presented by Winkler in 1867. 

The model consists of a single infinite beam supported on a foundation with constant 

stiffness. Timoshenko proves its validity as a model of a railway track. In a paper 

entitled "History of Winkler foundation", Fryba [32] writes:  

 

The Winkler foundation was many times cursed and refused, but the scientists return to 

this simple law again and again. I think that it shares the same lot as the other simple 

theories like Bernoulli-Euler beam, Palmgren-Miner rule etc.: Their simplicity wins 

against more precise formulations. 
 

Many authors use a model of a beam on a Winkler foundation to investigate the 

dynamics of railway tracks. Two theories for the beam are used, Euler-Bernoulli and 

Timoshenko formulations. The former accounts only for the bending behaviour while 

the latter takes account also for shear deformations and rotary inertia of the beam. For a 

low frequency of excitation, where the propagating wave has a wavelength much 

greater than the beam-cross-sectional dimensions, both the formulations converge to the 

same solution. For a high frequency of excitation, Timoshenko formulation is necessary 

for an accurate solution.  

Mathews [73] models the steady-state response of a beam on an elastic foundation 

under a moving oscillating load. He models the beam using Euler-Bernoulli formulation 

and solves the differential equation of the response using Fourier transformation 

techniques. He calculates a closed form solution for the beam response using the 

contour integrals and the residue theorem. In this paper, no damping is included and 

results are given for the case of complex poles, i.e. for velocities below the critical 

velocity. In a different paper [74], Mathews calculates the response, when viscous 

damping is included. For all velocities of moving load and excitation frequencies, it is 

found that all poles are complex values. A special consideration is required for 

calculating the response of a beam on elastic foundation with no damping, as purely real 

poles are produced above the critical velocity. Another aspect of the undamped beam is 
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that the displacements are symmetrical about a non-oscillating moving load in a moving 

frame of reference.   

Chonan [14] presents a model of a beam on an undamped elastic foundation using 

Timoshenko formulation for the beam. Small damping is introduced in the foundation to 

shift poles on the real axis to the complex domain. Bogacz et al. [8] present a 

generalisation of the problem comparing results of the beam response calculated by the 

two formulations; Euler-Bernoulli and Timoshenko. In the previous models, viscous 

damping is used whenever damping is introduced to the foundation. However, structural 

damping may also be used [59]. A detailed description for modelling of infinite beams 

under moving loads can be found in [31].   

Duffy [25] presents a solution for a more complicated problem in which he 

calculates the complete solution (transient and steady state) of a beam on elastic 

foundation under a moving oscillating mass. Fourier transformation with respect to 

space is used to transform the differential equation. Laplace transformation is used with 

respect to time. This is because the beam response is equal to zero before applying the 

load, i.e. for t  and it responds according to the load afterwards.   0≤

There are other types of foundations, e.g. Pasternak foundation [96] (Winkler 

foundation with a shear layer coupled from the top) but they are less popular in 

modelling of railway tracks.   

 

Discrete-continuous models  

 

To study the effect of rail joints and sleepers on the rail-wheel interaction, many studies 

have been conducted. The common feature of these studies is that the model is infinite 

in length with periodic discrete supports. In this section relevant literature of discrete-

continuous models is reviewed.  

Mead [77,78] provides a thorough study of wave propagation in mono-coupled and 

multi-coupled periodic structures. Due to periodicity, two types of zones are observed in 

the structure-response as a function of frequency. At one zone, energy does not 

propagate along the structure and this is known as the stopping-band zone. The other 

zone is known as the passing-band zone, where energy propagates along the structure.        
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Jezequel [55] introduces the generalised Fourier method to analyse an infinite beam 

supported periodically by lateral and torsion stiffness. The main characteristic of this 

method is that a single differential equation is used to describe the behaviour for all 

points of the beam with respect to time and space. To do this, a summation of a series of 

delta functions is used to account for discontinuities at periodic distances. Steady-state 

solutions are written as a summation of Fourier series with unknown coefficients. These 

solutions are substituted in equations of motion and the results are Fourier transformed 

to give a set of algebraic equations. The coefficients are found by solving this set of 

equations. Jezequel only considers non-oscillating moving loads. Kisilowski. et al. [60] 

present a mathematical solution based on the same method but including a moving 

wheel on a periodically supported rail. The wheel is modelled as a single-degree-of-

freedom mass on a spring moving over a beam with constant velocity. A longitudinal 

compressive force is applied to the beam. Ilias and Muller [53] use the same method to 

analyse a discretely supported rail under a harmonic moving load and under a moving 

wheel-set. Krzyzynski [68] uses Floquet's method to model a harmonic moving load on 

an Euler-Bernoulli beam mounted on discrete infinite supports. Every discrete support 

consists of a spring-dash-pot to account for a rail-pad, a concentrated mass to account 

for a sleeper and another spring-dash-pot to account for ballast. This method takes 

advantage of periodicity in the longitudinal direction where Floquet's solution of the 

differential equation is used. Krzyzynski also provides a study of wave propagation in 

this periodic infinite structure. Muller et al. [82] provides comparison between the 

generalised Fourier and Floquet's methods. They apply the first method to model a rail 

using Timoshenko beam formulation and the second method using Euler-Bernoulli 

formulation. An undamped Euler-Bernoulli beam is compared with the corresponding 

Timoshenko beam with very high shear stiffness, very low rotational inertia and very 

low damping.   

Hildebrand [42] uses a wave approach to study vibration attenuation in railway 

tracks. The model consists of two rails supported periodically by sleepers on ballast. 

The ballast is modelled as a continuous visco-elastic foundation. The method depends 

on considering a junction of the rail on the sleeper and calculates the displacements in 

terms of propagating and evanescent waves. The solution is calculated by considering 

three sets of equations expressing: the compatibility conditions, reflection of waves 
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from the junction on the other rail and periodicity in the longitudinal direction using 

Floquet's method. It is concluded that at high frequencies (well above 200 Hz), a model 

lacking the second rail over-predicts the attenuation. 

Nordborg [86] models an Euler-Bernoulli beam mounted on different kinds of 

discrete supports to calculate a closed-form solution of a track under non-moving 

oscillating loads. He transforms equations of motion to the wavenumber-frequency 

domain and these are solved using Floquet's theorem. In a second paper [87], he 

calculates the rail response for a moving oscillating load on the rail using results of 

Green's function in the frequency-space domain from [86]. To calculate the frequency 

domain response at a specific rail point, integration is performed in the space domain 

for Green's function multiplied by the frequency-domain force at a certain frequency. 

The response is then transformed to the time domain. He also uses this method to 

investigate vibration from a moving wheel on a railway with unevenness. 

Smith and Wormley [103] use the Fourier transform techniques to model a moving 

constant load on an infinite Euler-Bernoulli beam supported periodically on rigid 

supports. The convolution integral is used to compute the beam response due to a 

spatially distributed load. Models of finite spans supported periodically are presented as 

an approximation for the infinite span model. In Fourier transform techniques, 

calculations are made only for one repeating unit. Response of any other unit is 

calculated using the periodicity condition. Equations of motion of the unit under 

consideration are transformed to the frequency domain. The resulting differential 

equations are solved as a summation of homogenous and particular solutions. The 

homogenous solution coefficients are found by considering the boundary condition at 

the end of the unit under consideration. These results are then transformed back to the 

time domain. In another paper, Smith et al. [104] couple a vehicle model to the track 

using an approximate modal analysis technique. In this technique a finite span 

approximation is used for the infinite beam.  

Belotserkovskiy [5] uses Fourier transform techniques to analyse a rail modelled as 

an Euler-Bernoulli beam on a Winkler foundation with resilient hinges to represent rail 

joints under a harmonic-moving load. He also uses this method to analyse a 

Timoshenko beam on discrete supports to account for sleepers.  
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Forrest [29] models floating-slab tracks with continuous and discontinuous slabs 

under oscillating non-moving loads using the stiffness method along with the repeating-

unit method. The stiffness method is used to write a relationship between deformations 

and forces on the left of any contiguous repeating-units. The stiffness matrix of the 

semi-infinite track on the right or left of the load is calculated using Floquet's method 

making use of the fact that responses decay to zero at infinity.  

 

2.5.2 Modelling of vibration from surface trains 
 

In the literature, many models for vibration from surface trains are presented. These 

range in complexity from simple models (including single-degree-of-freedom) to 

comprehensive three-dimensional models based on numerical techniques such as the 

FEM. The simple models lack accuracy and do not account for wave propagation in 

space, while the numerical models require long computation times. A successful model 

should satisfy both the accuracy and running-time efficiency. Due to the large number 

of mechanisms involved, most of the existing models address the contribution of certain 

mechanisms to the ground-borne vibration.  

Early solutions of continuum and half-space problems under harmonic constant and 

harmonic moving loads have made great advances in modelling of vibration from 

surface trains. A thorough literature review about these solutions can be found in 

[31,38].  

Many researchers use a beam on elastic half-space under non-moving or moving 

harmonic loads to model vibration from surface trains. An example is Ng [84] who 

models a railway track as an Euler- Bernoulli beam on an elastic half-space. The model 

considers non-moving loads and incorporates theory of random vibration to account for 

the input randomness. An early investigation of the response of a beam on elastic half-

space under constant moving load is made by Filippov [28]. The work investigates 

moving loads with velocity up to Rayleigh wave speed in the half-space where damping 

is not modelled. A solution for all range of velocities of the moving load is presented by 

Kononov and Wolfert [64]. Metrikine and Popp [79] present a solution for vibration of 

periodically supported beam on elastic half-space. The solutions in the last three 

methods are calculated by transforming the differential equations to the wavenumber-
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frequency domain. The complex contour integrals are used to transform the results back 

to the original domain.      

A theoretical model for both the generation and propagation of vibration from 

freight trains is presented by Jones and Block [56]. The model accounts for both the rail 

roughness and the quasi-static effect of moving axles. The input to the model is taken 

from measurements by using a track recording coach.  The predicted vibration agrees 

well with the measured vibration in the frequency range 5-30Hz. It is found that heavy 

freight trains emit ground vibration with predominant frequency component in the range 

4-30Hz.  

Sheng et al. [98] present a model of a railway track coupled to a multi-layered half 

space. Both of the rails are modelled as a single Euler-Bernoulli beam and railpads are 

modelled as a continuous resilient layer. Sleepers are modelled as a continuous beam 

with no bending stiffness and ballast is modelled as a continuous layer of a linear spring 

with a consistent mass approximation. The effect of a harmonic moving load is 

investigated for moving load speeds higher than Rayleigh wave speed in the ground. A 

solution is calculated by using Fourier transform method. The vertical displacement 

spectrum of the ground is calculated for a harmonic moving load which moves passing 

the observation point. It is proved that the magnitude of the spectrum is independent of 

the longitudinal coordinate (the direction parallel to the track). Sheng et al. [100] 

compare the velocity and acceleration spectra calculated from this model with 

measurements taken at three different sites. The results show a good agreement and 

demonstrate the dominance of the quasi-static effect near the track at low frequencies.  

In a third paper, Sheng et al. [101] use the same model to investigate the effect of 

track (track/embankment mass and bending stiffness) in ground vibration induced by 

quasi-static moving loads. Dispersion curves of the free-track, the rigid-bed track and 

the ground (half-space and layered half-space) without track are presented. These are 

used to predict some points in the dispersion curves for the coupled track-ground. An 

alternative method to identify dispersion curves is used and based on identifying the 

peaks for the response in the wavenumber-frequency domain.  They use the load speed 

lines to determine the peak response load speed due to a quasi-static load. The peak 

response load speed or the critical speed is the speed at which the response due to a 

quasi-static moving load on the track exhibits a maximum. The load speed line is 
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determined by transforming the term in the differential equation describing the quasi-

static load i.e. )( vtx −δ  to the wavenumber-frequency domain. If this line lies in 

tangency with the dispersion curves of the coupled track, an infinite response will occur 

in absence of damping or a peak if damping is included. For a track resting on a half 

space, it is found that a peak in the response might occur at a speed lower than Rayleigh 

wave speed in the ground. For a track resting on a layered half space, it is found that a 

peak in the response might occur for a speed lower than Rayleigh wave speed in the 

surface layer.  

In another paper, Sheng et al. [102] investigate the effect of rail irregularities and the 

quasi-static effect on vibration from ballasted tracks and slab tracks. A moving single-

axle vehicle model and other vehicle models are used to model a moving train on tracks 

with different forward velocities. They find that the vibration rate of attenuation with 

distance is much greater for the low-frequency range, i.e. 1.6-6 Hz than the middle 

frequency range, i.e. 6-20 Hz and the upper frequency range, i.e. 20-80 Hz. Due to its 

much greater bending stiffness, the slab track produces about 20dB lower vibration near 

the track than the ballasted tracks for frequencies up to 25 Hz. This is because slab track 

reduces the quasi-static effect which is dominant in the low frequency range. At the 

high-frequency range, it may increase vibration levels due to the increased forces at the 

wheel-rail interface.       

 Krylov [66] presents a model to investigate the effect of high-speed trains on 

ground vibration. The model accounts for sleeper spacing and the quasi-static forces of 

the moving train. The deflection of a beam on a Winkler foundation is used to calculate 

the force transmitted by a sleeper to the ground. The ground vibration is calculated in 

the frequency domain for a series of concentrated forces applied at the interface 

between sleepers and the ground.  This model is used by Krylov et al. [67] to predict the 

vibration generated by TGV and Eurostar high-speed trains along tracks built on soft 

soils. Degrande and Lombaert [21] use the Betti-Rayleigh dynamic reciprocity theorem 

to increase efficiency of Krylov's model. Degrande and Schillemans [20] compare the 

results from this model with free field vibration measurements during the passage of a 

Thalys high-speed train at various speeds. The model gives good predictions at low 

frequencies where the quasi-static response dominates and at high frequencies where 

sleeper-passing response dominates. At the mid-frequency range where other 
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mechanisms, e.g. rail roughness, are important the model underestimates the response. 

Another theoretical and experimental study on vibrations from high-speed trains is 

presented by Kaynia et al. [58] where a good match is shown between the predicted and 

measured results.  

A generic methodology of modelling vibration from railways is presented by Hunt 

[46]. The method is based on models of infinite length for buildings and tracks and 

provides a tool to assess the performance of countermeasures. The load randomness is 

accounted for at the wheel-rail interface, where special attention is paid to the phasing 

between axle loads.   

Numerical models are the ultimate choice to fully investigate the problem of ground 

vibration. The importance of these models is that they account for specific details of the 

prototype, but this is at the expense of the computational time. The continued 

development in computer storage and speed facilitates and attracts the rail industry to 

use numerical methods such as the FEM and the BEM, see [81] for example. 

 

2.5.3 Modelling of vibration from underground trains 

 
In this section, relevant literature on modelling of vibration from underground railways 

is reviewed. A detailed description of the work of Forrest [29] is given at the end, as it 

forms the basis for the work presented in this dissertation.  

Cui and Chew [19] model underground tracks with rigid foundations to calculate the 

receptance under moving harmonic loads. They use two types of underground tracks: 

fixed track slab, where concrete slab is fixed to the tunnel and floating tracks with 

discontinuous slab. These two types are used in the Singapore Mass Rapid Transit 

(SMRT) system. The slab is modelled as continuous discrete masses, where no account 

is made for the slab length. Discrete models with stationary loads are presented as 

alternative models with smaller computation times.    

Trochides [114] provides a simple model to predict vibration levels in buildings near 

subways. The model is based on energy consideration to formulate the impedance of the 

tunnel and the ground. Comparisons are made between calculations and measurements 

from a scaled model, which show a good agreement in the range 250-4000 Hz (higher 

than the range of frequency of interest for ground-borne vibration).  
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Many researchers use numerical methods such as BEM and FEM in modelling 

vibration from underground railways. Andersen and Jones [1] use a coupled FE and BE 

analysis to compare between 2D and 3D modelling. In their work, the load is applied at 

the bottom of a rectangular tunnel, where no account is made for a track. It is found that 

2D modelling can give only quantitative results. Moreover, it provides a quick tool to 

assess vibration isolation measures. Hunt [49] states that 2D approaches do not work for 

tunnel modelling with acceptable accuracy, as they do not account for longitudinal and 

circumferential modes simultaneously.  

Three-dimensional numerical models are developed by some researchers to model 

vibration from underground railways. The main disadvantage of these models is that 

they are computationally expensive. Powerful numerical models are developed under 

CONVURT [16], where a coupled FEM-BEM is used. The FEM is used to model 

tunnel walls while the BEM is used to model the surrounding soil. Taking account of 

periodicity in the tunnel direction using Floquet transformation makes a great 

improvement in the running time [15].  

Sheng et al. [99] presents a numerical method based on the discrete wavenumber 

fictitious force method to model an underground tunnel embedded in a half-space. The 

method depends on writing the boundary integral equations of only the displacement 

Green’s function. This is an advantage over the BEM as the traction Green’s function is 

not required.  

The Finite Difference method (FDM) [113] may also be used to model vibration 

from underground railways. The advantage of this method is that less effort is needed to 

write the code compared with other conventional methods such as the BEM and FEM.  

The last part of this section is dedicated to describe the work of James Forrest [29] 

who presented a PhD dissertation on "Modelling of ground vibration from underground 

railways", in 1999 at Cambridge University. The main purpose of his work is to model 

floating-slab tracks and to assess their performance. The dissertation also includes some 

experimental work which is not discussed here. The modelling work lies in three 

chapters and is discussed in the following paragraphs.  

In Chapter 3, Forrest models floating-slab tracks on rigid foundations. Euler-

Bernoulli beam formulation is used to model both the rail and the slab. The two rails are 

modelled as a single beam as only the bending behaviour is considered. Railpads and 



CHAPTER 2: LITERATURE REVIEW 34

slab bearings are modelled as continuous layers of resilient elements. Two types of slab 

are considered: continuous and discontinuous, under only non-moving oscillating loads. 

A direct solution based on separable functions in time and space is followed to solve the 

differential equation for a track with a continuous slab. For a track with a discontinuous 

slab, the repeating unit method is used in which Floquet’s theorem is employed to 

account for periodicity in the longitudinal direction. A solution is presented for a 

concentrated load applied only over a slab discontinuity. A set of masses is coupled to 

the continuous slab track to simulate the effect of a train running on the track. For 

concentrated load acting on the track with continuous or discontinuous slab, it is found 

that the ratio between the total transmitted force to the ground and the input force is 

equal to the transmissibility calculated from a two-degree-of-freedom discrete system. 

In Chapter 4, Forrest models a tunnel and its surrounding soil using the pipe-in-pipe 

model. The tunnel is modelled as a thin cylindrical shell and the ground is modelled as 

an infinite domain containing a cylindrical cavity using the 3D continuum theory. The 

coupling is performed in the wavenumber domain by satisfying stress equilibrium and 

displacement compatibility at the tunnel-soil interface. The discrete Fourier transform 

DFT is used to transform the results numerically to the space domain. The response of a 

free tunnel to a concentrated harmonic radial load is calculated using the theory of thin 

shell and then it is recalculated using both the theory of elastic continuum and a FE 

model. This is done to examine the validity of modelling the tunnel as a thin shell. All 

three models show good matching in the frequency range 1-100 Hz. At the end of this 

chapter, some results for the coupled tunnel-soil model are shown for a radial 

concentrated load applied at the tunnel wall. It should be noted that the response for 

tangential applied loads on the tunnel wall is not considered.   

In Chapter 5, Forrest couples a floating-slab track to the pipe-in-pipe model. Two 

models are considered. In the first, the slab is coupled via a single longitudinal line of 

slab bearings (in the tunnel direction) and only the bending response of the track under 

concentrated harmonic loads is investigated. In the second model, the slab is coupled to 

the tunnel via two lines of slab bearings. This is a more precise model, as the torsion of 

the slab is included. However, it is assumed that the tunnel wall can only take radial 

loads. This is because tangential loads on the tunnel are not modelled. To assess the 

performance of floating-slab tracks as a measure of vibration isolation, Forrest couples a 
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set of axles to the first track (a track coupled to the tunnel via single line of slab 

bearings). A white-noise random input is applied under each mass to simulate the 

roughness excitation for a moving train. The spectral density of the soil displacement is 

calculated as a function of frequency. This output is then weighted with an empirical 

roughness input calculated by Frederich [30] for a real rail roughness to calculate the 

root-mean-square displacement of the soil. The insertion gain method is used which 

gives the ratio between the root-mean-square displacements before and after floating the 

slab.  Below the tunnel, the root-mean-square results show some little improvement 

(vibration isolation) by using floating-slab tracks instead of directly-fixed tracks. Away 

and above the tunnel, where most of buildings' foundations are found and isolation is 

needed, the results do not show a clear improvement and in some places vibration is 

increased. Forrest concludes that using slab bearings is not an effective measure of 

vibration isolation. However, this conclusion was based on root-mean-square results for 

floating-slabs with stiff slab-bearings (with natural frequencies down to 30Hz). 

Numerical problems are encountered with softer slab bearings.  

 
 

Conclusions 
 

There is a great need to develop a computational tool which can be used to evaluate the 

effectiveness of vibration countermeasures in underground tunnels. Many models for 

vibration from underground railways are presented in the literature. These models are 

either too simple based on 2D systems, or too precise based on numerical methods such 

as the FE and the BE methods. Simple models lack accuracy while precise numerical 

models lack the computational power. This dissertation is concerned with the 

development of such a model that accounts for the three-dimensional characteristic of 

the track, tunnel and soil and has the advantage of the short running time. The model 

will also be used to maintain a better understanding in the context of vibration from 

underground railways.   



Chapter 3 

MODELLING OF FLOATING-SLAB TRACKS 
 

Introduction 
 
Floating slab tracks are widely used to control vibration from underground trains. The 

track is mounted on a concrete slab that rests on rubber bearings, glass fibre or steel 

springs. The slab may be cast in-situ, resulting in a continuous length of concrete, or 

may be constructed in discrete pre-cast sections laid end to end. This chapter discusses 

modelling of such tracks with continuous and discontinuous slabs under harmonic 

moving loads. The track-bed is modelled as a rigid foundation and this is suitable for 

modelling of modern tracks where the stiffness of the slab bearings is much smaller than 

the stiffness of the track-bed. The rigid-bed models are known as the excitation models 

and are developed under CONVURT [16] to calculate forces at the wheel-rail interface 

for the different excitation mechanisms which are discussed in the literature review. 

These forces are then used as inputs to the precise model which comprises the track, the 

tunnel and the ground, to calculate vibration levels in the ground.  

This chapter is organised in four sections. Modelling of tracks with continuous slabs 

is discussed in Section 3.1. Section 3.2 discusses modelling of tracks with discontinuous 

slabs. Sections 3.3 and 3.4 investigate the results for the models presented in Sections 

3.1 and 3.2 respectively.  

 

3.1 Modelling of tracks with continuous slabs 
 

In this section, tracks with continuous slabs are modelled. The model is shown in Figure 

3.1. It consists of an upper Euler-Bernoulli beam to account for both of the rails (with 

mass m  per unit length and bending stiffness ) and a lower Euler-Bernoulli beam to 

account for the floating slab  (with mass m  per unit length and bending stiffness ). 

The model accounts for identical inputs on the two rails and hence a single beam is used 

to model both of the rails. Railpads are represented by a continuous layer of springs 

1 1EI

2 2EI
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with stiffness  per unit length and a viscous damping factor c  per unit length. Slab 

bearings are represented by a continuous layer of springs with stiffness  per unit 

length and a viscous damping factor  per unit length. Forrest [29] analyses this model 

under non-moving oscillating loads. The current work extends the formulation to 

account for moving oscillating loads. Modelling of tracks with continuous slabs under 

harmonic moving loads is presented in 3.1.1 while 3.1.2 discusses the effect of moving 

trains on such tracks.    
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Figure 3.1: (a) Floating-slab track on a rigid foundation, subjected to a unit moving harmonic load. (b) 

Side view. 
 

3.1.1 Tracks under harmonic moving loads 
 

Figure 3.1 shows a track with a continuous slab subjected to an oscillating moving load 

with angular frequency ϖ  and velocity v . The load is defined such that it passes by 

 at time t . The solution methodology depends on transforming the differential 

equations of the track to the wavenumber-frequency domain, where they are simplified 

and transformed back to the space-time domain. The reader is referred to Appendix B 

for a detailed explanation of the method.  

0=x 0

The load on the upper beam in Figure 3.1 can be written in the space-time domain as 

   

                                                                                            (3.1) )() vtxeF ti −= δϖ

 

where δ  is the Dirac delta function, see [13] for example. Equation 3.1 is written in 

a complex notation for convenience. However, it should be remembered that only the 
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real part is meant. This complex notation will be applied throughout this chapter. The 

generalised differential equations of the upper and the lower beams can be written as 
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When solving problems of moving loads, some authors prefer at this stage to replace 

the fixed frame of axis, i.e. , by the moving frame of axis, i.e. , see 

[31] for example. However, the derivation without following this approach leads to the 

same results at the end and has the advantage of giving more insight into defining the 

critical velocity which is discussed in Section 3.3. Equations 3.2, and 3.3 are 

transformed from the space-time domain (  to the wavenumber-frequency domain 

),( tx ),( tvtxz −=

), tx

),( ωξ  using double Fourier transform defined by equations A.1 and A.2. The 

transformed equations read 
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where 1
~y  and 2

~y  are the transformation of   and  in the wavenumber-frequency 

domain. Equations 3.4 and 3.5 can be written in a matrix form as 
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Solving for 1
~y , 2

~y  from equation 3.6 
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and A  is the determinant of matrix . Equations 3.7 and 3.8 are transformed to the 

wavenumber-time domain firstly using equation A.4, resulting in 
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Equation A.3 is used to transform equations 3.9 and 3.10 from the wavenumber-time 

domain to the space-time domain and results in 
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The previous integrations can be found numerically along the real ξ  axis. 

Otherwise, this integration can be found analytically using the contour integrals, see 

Appendix B for more details. ),(1 ωξf

2

 is a polynomial of the eighth order and hence the 

integrated functions in equations 3.11 and 3.12 have eight poles. All these poles are 

complex values if any of c  or c  is not equal zero.  The integrations in equations 3.11 

and 3.12 can be written as   

1
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821 ,...,, ξξξ  are the roots of the equation 0),(1 =−= vf ξϖωξ , 

4321 ,,, ξξξξ  are the roots in the first and the second quadrants, 

and 8765 ,,, ξξξξ  are the roots in the third and the fourth quadrants. 

 

The track displacements calculated by equations 3.13-3.16 are verified by 

computing the power transmission through the rails in Section 3.3. Other important 

aspects such as dispersion curves of the track and the critical velocity are also 

investigated.   

 

3.1.2 Coupling a moving axle to the track 
 

A simple model of a moving train is obtained by considering an axle moving over the 

track with constant velocity v . From equation 3.13-3.16, the displacements ,  in a 

moving frame of axis (

1y 2y

vtxz −= ) under a moving load are invariant with time for 

0=ϖ . This can be proved by substituting cvtx =− , where c is a constant. Thus, for a 

non-oscillating moving load with a constant velocity, an observer who is moving along 

the rail with velocity equal to the load velocity keeps seeing the same deflected shapes 

of the rail and the slab. As a linear model, the steady-state deflection of the rail under a 



CHAPTER 3: MODELLING OF FLOATING-SLAB TRACKS 41

constant moving load increases proportionally to any increase in the loading magnitude. 

Thus, for a moving axle on the track, the deflection of the rail at any point can be 

calculated by multiplying the deflection calculated for a unit load by the axle weight, 

i.e. , where M is the total axle mass and g is the gravity acceleration. Note that the 

axle inertia has an effect only on the transient displacement, i.e. when the axle starts to 

move. After some time, the transient effect disappears and only the steady-state effect 

remains.   

Mg−

As an introduction for the next section, one can prove the following relationship by 

referring to equations 3.13-3.16 
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This relationship is known as the periodicity condition and is discussed in the next 

section.  

 

3.2 Modelling of tracks with discontinuous slabs 
 

This section is divided into two parts. A track with a discontinuous slab under an 

oscillating moving load is analysed in the first part. In the second part, a train model is 

coupled to the track, and the dynamic force due to slab discontinuity is calculated.  The 

reader is referred to Section 2.5.1 for literature on periodic structure theory which is 

useful for the work presented in this section.  

 

3.2.1 Tracks under harmonic moving loads 
 

The displacements of a track with a discontinuous slab under an oscillating moving load 

are calculated using three different methods: 

 

• the Fourier–Repeating-unit method;  

• the Periodic-Fourier method; 

• the Modified-phase method. 
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As will be seen later, the first two methods are exact providing that careful 

consideration is taken when performing the numerical integration of the Fourier 

transform. The third method is approximate and only valid for velocities of moving 

loads lower than the critical velocity of the track. Each method is discussed separately 

in the following sections. The model is shown in Figure 3.2 and is similar to the model 

used in Section 3.1 except in that the slab is discontinuous with discrete length . All 

track variables are the same as defined in Section 3.1.  

L

 

Figure 3.2: Floating-slab track with a discontinuous slab subjected to an oscillating moving load. 
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The Fourier–Repeating-unit method  
 

This method is divided into two parts. The first is to calculate the track displacements 

for non-moving oscillating loads.  The second is to integrate these displacements to 

calculate the track displacements for moving harmonic loads. Forrest [29] calculates the 

track displacements under a non-moving harmonic load applied on the rails, above the 

slab discontinuity (at x=0 in Figure 3.2).  This is developed such that the load can be 

applied at any point in the rails. 

To calculate the track displacements for an oscillating non-moving load, the track is 

divided into three blocks as shown in Figure 3.3; central block with length , where the 

load is applied at distance  from its left end, and two semi-infinite blocks on the right 

and the left of the central block and are called in this discussion the right and the left 

blocks respectively. For each block the stiffness matrix is written and matrices are 

L

0x
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assembled according to the compatibility conditions to calculate the track displacement at 

any point.  
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Figure 3.3: A floating-slab track divided into three blocks; central block and two semi-infinite blocks. The 

concentrated harmonic load is applied at the central block. The factor  is dropped from all forces.   tie ϖ

 

 

For the right block in Figure 3.3, the force-displacement equation can be written as: 

 

                                                               P RRR YK=                                                     (3.18) 

 

where  is a  vector, which comprises the shear force and bending moment at the 

upper beam on the left of the right block.  is a 

RP 12×

RY 12×  vector, which gives the vertical 

displacement and rotation at the upper beam on the left of the right block. K  is the R 22×  

stiffness matrix of the right block. Note that the factor e  is dropped from all forces and 

displacements. 

tϖi

Similarly, for the left block, the following equation can be written 

                                                              

                                                         P LLL YK= .                                                    (3.19) 

 

For the central unit 

 

                                                                                              (3.20) [ ]
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where the bold elements in the previous equation are 12×  vectors giving forces (shear 

force and bending moment) or displacements (vertical displacement and rotation) as 

shown in Figure 3.3.  and Y  are the amplitudes of the applied harmonic force and the 

displacement of the excitation point in the central unit.  K  is the stiffness matrix of the 

five-degree-of-freedom central unit. At the joints between the semi-infinite blocks and the 

central block, the equilibrium and compatibility conditions are 

0F 0

C

  

                     P , PRCR P−= LCL P−= , Y RCR Y=  and LCL YY = .                          (3.21) 

 

From equations 3.18, 3.19 and 3.21, equation 3.20 can be written as 

 

                                                                                        (3.22) [ ]
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                     
                         (3.23) 
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where  is a  matrix with zero elements. ),( nmZ nm ×

Knowing the input value 10 =F

0xL −

, equation 3.23 is solved to determine the values of 

,  and Y . The first two vectors are used to determine  and  from equation 

3.19 and 3.18 respectively. Forrest [29] uses the stiffness method to calculate the stiffness 

matrix for a block such as the central block but for loads and displacements which are only 

defined at the ends. Two contiguous blocks of these should be used to calculate the 

stiffness matrix of the central block in the current formulation, i.e. . The length of 

these two blocks are  and . To calculate the stiffness matrix of the semi-infinite 

blocks, Forrest uses the repeating-unit method. For details about the calculations see [29]. 

LY RY 0 LP RP

CK

0x
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The previous procedure can be used to calculate Green’s function )  which is 

defined as the response of the rail at  from a discontinuity for a non-moving oscillating 

unit load with an angular frequency 

,(ˆ xxG oω

ox

ω  applied at x  from the same discontinuity. 

Employing the method presented by Nordborg [87], this function is used to calculate the 

track displacements under an oscillating moving load that moves crossing the observation 

point at .  0x

The response at  in the frequency domain can be calculated for a general input force 

in the frequency domain from the following equation 

ox

                                   

                                                           (3.24) dxxFxxGxy oo ⋅⋅= ∫
∞

∞−

),(ˆ),(ˆ),(ˆ ωω ω

 

where  is the input force in the space-frequency domain.  ),(ˆ ωxF

For a moving oscillating load with velocity  and angular frequencyv ϖ , the force can 

be written in the space-frequency domain as 

 

                            vxititi e
v

dteevtxxF /)(1)(),(ˆ ωϖωϖδω −
∞

∞−

− =⋅⋅−= ∫ .                       (3.25) 

 

Equation A.7 is used to calculate the integration in equation 3.25.  

Substituting 3.25 into 3.24 gives 

 

                          dxexxG
v

xy
x

v
i

oo ⋅⋅=
−∞

∞−
∫

)(

),(ˆ1),(ˆ
ωϖ

ωω .                              (3.26) 

 

This integration can be performed numerically using the trapezium rule [95] to give 

 

                            ∑
=

=

−

∆⋅⋅=
Mj

j

x
v

i

joj xexxGa
v

xy j

1

)(

0 ),(ˆ1),(ˆ
ωϖ

ωω                                  (3.27)      
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where  for  and 5.0=ja Mj ,1= 1=ja  for 1,...,3,2 −= Mj . An important criterion when 

calculating  in equation 3.27 is that the value of ŷ ω  should be large enough to cover the 

range of frequency where G  is significant in order to have the right solution. The 

maximum and minimum values of 

), jx( oxω
ˆ

ω  control the value of x∆  and vice versa. To avoid 

aliasing when calculating the summation in equation 3.27, the sampling frequency should 

be at least twice the signal bandwidth, which is known as Nyquist criterion [105]. This can 

be written mathematically as 

 

                           
vx ⋅

−
≥

∆ π
ωϖ1   or  

x
v

x
v

∆
⋅

+≤≤
∆
⋅

−
πϖωπϖ .                            (3.28) 

 

Having computed ),(ˆ ωoxy , values of  are calculated by transforming 3.27 

numerically to the time domain. Nyquist criterion in this case can be written as 

),( txy o

 

                                        
πω
t

≥
∆
1   or  

ω
π

ω
π

∆
≤≤

∆
− t .                                       (3.29) 

  

For the purpose of summarising the Fourier–Repeating-unit method, the following 

steps are used to calculate the response : ),( txy o

 

1. calculate G  for the mesh shown in Figure 3.4, the mesh size should be large 

enough to include significant values of  inside the mesh;  

),(ˆ xxoω

),(ˆ xxG oω

 

ω

x

),( xxG oω
x∆

ω∆

 
Figure 3.4: A 2D mesh to calculate  ),( txy o
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2. for each row of points, apply equation 3.27 to calculate the value of ),(ˆ ωoxy ; 

3. having done step 2 for all the mesh rows, transform the resulted ),(ˆ ωoxy  vector 

numerically to the time domain.   

 

The Periodic-Fourier method  

 

In this method, the periodic infinite structure theory is used to analyse a track under 

oscillating moving loads. The analysis follows the work presented by Belotserkovskiy 

[5] in analysing an infinite beam mounted on periodic supports.   

To calculate the displacement for a periodic infinite structure, three sets of equations 

are required. The first comprises the differential equations which describe the motion 

for one of the repeating units of the structure. The second set describes the periodicity 

condition and is used to calculate the displacements at other units and to set a 

relationship between the boundary conditions in the third set. The third set contains the 

boundary conditions at the ends of the repeating unit. 

Referring to Figure 3.2, the repeating unit under consideration is the one bounded by 

 and . The load is defined as . This means that it enters the 

unit at time t , with a maximum magnitude because the real part of the load is 

0=x Lx =

0=

tievtx ϖδ ⋅− )(

1+  

when . To explain the periodicity condition, a reference is made to two points in 

the space-time coordinate system. At the first point (a), the response  is 

measured at  when the moving load 1  is at 

0=t

),( oo txy

oxx = 0tie ϖ⋅ ovtx = . The displacement 

 can be either the rail or the track displacement in this context. At the second 

point (b), the response 

)ot,( oxy

)/,( vLtLxy oo ++  is measured at Lx x += 0  when the moving 

load  is at . The excitation-measuring conditions at a and b are 

the same and the only difference is the load phase. Thus, one can write 

)/( 0 vLt +1 ie⋅ ϖ Lvtx += 0

 

                                      v
Li

ab eFF
ϖ

⋅=     ⇒  v
Li

ab eyy
ϖ

⋅= .                                (3.30) 
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This leads directly to equation 3.17 which is known by the periodicity condition. 

Now, it is possible to write the three sets of equations as defined before.  

 

1. The generalised differential equations, there are two fourth-order equations 

describing the motion of the upper and the lower beams. These are identical to 

equations 3.2 and 3.3.  

2. This set consists of two equations (one for each beam) that result from equation 3.17 

 

                                     φietxy
v
LtLxy ⋅=++ ),(),( 11                                          (3.31) 

and                                     φietxy
v
LtLxy ⋅=++ ),(),( 22                                         (3.32) 

 

where 
v
Lϖφ =  is the non-dimensional excitation frequency. 

 

3. This set consists of eight equations and it relates the boundary conditions at the left 

and the right of the unit under consideration. For the upper beam, the displacement, 

slope, moment and shear are continuous. Using the periodicity condition, this can be 

written as 

 

                  ),0(),( 11 t
x
ye

v
LtL

x
y

n

n
i

n

n

∂
∂

⋅=+
∂
∂ φ              n=0,1,2,3.                          (3.33) 

 

For the lower beam, the end moments and shear forces are zero. This can be written as 

  

                  0),0(),( 22 =
∂

∂
=+

∂
∂ t

x
y

v
LtL

x
y

m

m

m

m

            m=2,3.                                (3.34) 

                                       

It is convenient at this stage to use non-dimensional variables which are described 

by the following relationships 
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L
xX = ,                                                           (3.35) 

                                                      
L
vt

=T ,                                                           (3.36) 

and                                 
L

txyTX ),(),( 1
1 =Y , 

L
txyTX ),(),( 2

2 =Y .                           (3.37) 

 

Using the non-dimensional variables, the previous equations can be recast as: 

1. the differential equations 
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2. the periodicity conditions 

 

                                φieTXYTX ⋅=++ ),()1,1( 11Y                                              (3.40) 

and                                φieTXYTX ⋅=++ ),()1,1( 22Y ;                                           (3.41) 

 

3. the boundary conditions 

 

                           ),0()1,1( 11 T
X
YeT

X
Y

n

n
i

n

n

∂
∂

⋅=+
∂
∂ φ              n=0,1,2,3                    (3.42) 

and                            0),0()1,1( 22 =
∂
∂

=+
∂
∂ T

X
YT

X
Y

m

m

m

m

            m=2,3.                       (3.43) 

 

The first set consists of two differential equations of the fourth order that requires 

eight boundary conditions to be solved. The third set provides these eight boundary 

conditions. The solution is not calculable in the current domain due to the existence of a 

delta function in equation 3.38. However, transforming all equations to the space-
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frequency domain can solve this problem. The transformation for this case reads 

(compare with equation A.2) 

 

                                         Y .                                (3.44) ∫
∞

∞−

−⋅= dTeTXYx Tiφφ ),(),(ˆ
2,12,1

Transforming set 1 and 3 results in: 
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and                                    0),0(
ˆ
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ˆ
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∂

=
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∂

φφ m
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m

X
Y

X
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where , , , , , and  are independent of 1A 2A 3A 1B 2B 9m X  and can be calculated from 
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Solving for Y  from equations 3.45 and 3.46 2̂
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CHAPTER 3: MODELLING OF FLOATING-SLAB TRACKS 51

The general solution (homogenous and particular) of this differential equation can be 

written as 

 

                Y                              (3.50) XmXmXmXmXm ererererer 98321
983212 ....ˆ +++++=

 

where  , , ,…, m  are the exponents of the homogenous solutions, and they 

form the roots of the following polynomial 

1m 2m 3m 8

 

                          .                            (3.51) 0)()( 2211
4

11
8 =−+++ BABAmBAm

 

1r , , ,…,  are the coefficients of the homogenous solution and can be computed 

from the boundary conditions as will be shown below,  is the coefficient of the 

particular solution and is calculated from 

2r 3r 8r

9r

                  

                          
)()( 2211

4
911

8
9

23
9 BABAmBAm

BA
−+++

−
=r  .                                (3.52) 

 

From equation 3.50 and equation 3.46 
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Using equations 3.50, 3.53 and the boundary conditions defined by the third set 

(equations 3.47 and 3.48), the coefficients , , ,…,  can be found from the 

following relationship 

1r 2r 3r 8r

 

                                                [ ][]][ BRA =                                                         (3.54) 

 

where  
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Trrrrrrrr ][][ 87654321=R ,  
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and [  is a  matrix, its first column is given by ]A 88×
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The jth column is calculated by replacing all  by ; e.g. for the third column of 

 replace all  in [  by . 

1m jm

A 1m columnfirst−]A 3m

For a given value of X, the coefficients r , , ,…,  are calculated for a range of 1 2r 3r 8r

φ  values to compute the displacements Y  and Y . These are transformed back 

numerically to the space-time domain using the inverse Fourier transform defined 

analytically as (see also equation A.4) 

1̂ 2̂

 

                             ∫
∞

∞−

⋅= φφ
π

φ dexYTX Ti),(ˆ
2
1),( 2,12,1Y .                                        (3.55) 

 

Equations 3.53 and 3.50 form the necessary equations to calculate the rail and slab 

displacements in the space-frequency domain for the chosen unit. For the purpose of 

coupling as will be explained in the next section, the procedure below shows the 

calculations of the rail displacement under an oscillating moving load, i.e. at T=X, for 

the range  with interval 10 ≤≤ X X∆ : 
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1. calculate , , , , , , and  for N values of 1A 2A 3A 1B 2B 8321 ...,,,, mmmm 9m φ  in 

the range fφφφ ≤≤0  with interval φ∆ , the range is chosen in such that the excitation 

frequency φ  lies in the middle of this range. This is because most of the response 

activities occur at frequencies around the excitation frequency. This will be confirmed 

later in Section 3.4 and Figure 3.14; 

2. calculate R in equation 3.54, using the variables values from step 1 for the range of 

frequency φ ; 

3. for a given X  calculate Y  using equation 3.53 and the values computed at step 1 and 

2; 

1̂

4. transform results to the time domain numerically, performing the integration using 

the trapezium rule [95]. From equation 3.55, Y  under the load can be computed from 1

 

                                  ∑
=

=

∆⋅=
Nj

j

Xi
jj

jeXYa
1

11 ),(ˆ
2
1 φφ
π

φY                                         (3.56) 

 

where  for  and 5.0=ja Nj ,1= 1=ja  for 1,...,3,2 −= Nj ; 

5. repeat step 3 and 4 until covering all values of X .   

 

The Modified-phase method  

 

This method results as a direct application of the periodic infinite structure theory. The 

method is based on using the track displacements under an oscillating non-moving load 

to calculate the displacements for moving loads with the same excitation frequency. The 

method is approximate and only valid for relatively low velocities of moving loads 

compared to the track critical velocity. To explain the method, a reference is made to 

Figure 3.5.a. It shows an oscillating non-moving load that stands at . The 

response underneath this load is . Figure 3.5.b shows an oscillating moving 

load which passes x=0 with phase equal to zero. This load moves (slowly), until it gets 

to . At this point the force will be . By comparing with the non-

moving load displacement, the displacement underneath the moving load will be 

oxx =

tiecy ϖ
11 =

Foxx = )/( vxti oe += ϖ
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vxiti oeecy /
13

ϖϖ= . Hence to calculate the moving load displacement, the non-moving 

load model can be used, but results should be modified by the factor . Results of 

this method will be compared with the previous two methods in Section 3.4. 

vxi oe /ϖ

vx /0ϖ

1M

gM 3

)v

x =

 

v

(b) 

3

/( xti oe +ϖ

2

2y
tie ϖ

v

3y

oxx =
1 

tie ϖ
1y

Rail Rail 

ox
(a) 

Figure 3.5: Demonstration of the Modified-phase method. (a) Response is measured under a non-moving 

load at point 1. (b) Response is measured under the load at point 3 where the phase is . 

 

3.2.2 Coupling a train model to the track 
 

Unlike moving axles on a track with a continuous slab, the inertial forces contribute to 

the steady-state displacements of a track with a discontinuous slab. As shown in Figure 

3.6, a two-degree-of-freedom system is used to model a quarter of a train with four 

axles and two bogies moving on the track with constant velocity .  The unsprung mass 

 accounts for a single axle, the sprung mass  accounts for half a bogie, the static 

force  accounts for the weight of quarter the carriage and chassis and k  and c  

are the stiffness and damping factor of the primary suspension respectively.  

v

2M

u u

The two-degree-of-freedom system is moving over a periodic structure. Thus, the 

steady-state displacements of the unsprung mass and the sprung mass can be written as 

a sum of Fourier series as 

 

                                                                                                   (3.57) 
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eCz
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and                                                                                                  (3.58) 
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−=

⋅=2
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Figure 3.6: (a) Coupling a train model to the track. (b) Free body diagrams. 

 

 

where  and  are the displacements of the unsprung mass and the sprung mass 

respectively,  and G  are the amplitudes of the nth harmonic of the unsprung mass 

and the sprung mass respectively, 

1z 2z

nC n

nω  is the angular frequency of the nth harmonic, i.e. 

)/2 nvn ( Lπω =  and s is the maximum harmonic included in the summation. 

The equilibrium equations of the sprung mass and the unsprung mass read 

 

                                  2
2

2

2322 )(
dt

zdMgMMR −+−=                                          (3.59) 

and                                    2
1

2

1121 dt
zdMgMRR −−=                                                (3.60) 

 

where  and  are the axle-rail and the suspension forces respectively (see Figure 

3.6.b).    

1R 2R

The equilibrium equation of the suspension reads 

 

                                  )()( 12
122 dt

dz
dt

dzczzkR uu −+−= .                                      (3.61) 
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By equating equations 3.59 and 3.61, and substituting  and  from equations 

3.57 and 3.58, this results in 

1z 2z

 

                                      
u

u

k
gMMCk )( 310
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Solving for  from equations 3.60 and 3.59 using the values of  and  from 

equations 3.57 and 3.58 gives 

1R 1z 2z

 

                   .             (3.63) ti
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For an oscillating moving load on the track given by the relationship 

 

                                        with ti neR ω=
L
nv

n
πω 2

= ,                                            (3.64) 

 

the rail response under the moving load can be written in a Fourier series sum as 

 

                                                                                                   (3.65) ∑
+

−=

=
p

pq

ti
nqr

qehy ω
,

 

where  is the magnitude of the qnqh ,
th  harmonic of the rail displacement when a unit 

oscillating load is moving on the rail with angular frequency nω . Calculations of rail 

displacements are presented in Section 3.2.1, from which values of  can be 

computed. 

nqh ,

The load  in equation 3.63 is a sum of a number of oscillating loads with angular 

frequencies multiples of the track first frequency 

1R

)/(2 Lvπ . Hence, equation 3.65 can be 

used to write the rail displacement as 
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Swapping the summation of the second term in the right hand side and then 

replacing each q by n and vice-versa results in 
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To satisfy the compatibility condition, displacements of the rail (equation 3.68) and 

the unsprung mass (equation 3.57) should be identical. Equating these two equations 

results in the following two relationships 

 

                                                             sp =                                                        (3.69) 

and                   C .        (3.70) ∑
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2
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Using equation 3.62, for n ssss ,1,...,0,...,1, −+−−=  equation 3.70 can be written in 

matrix form as 

 

                                                       [ ][]][ DCA =                                                  (3.71) 

 

where  is a matrix with A )12( +× s rows and ( )12 +× s  columns. Its elements can be 

calculated from the following relationships  
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                                                                                                                        for i , j=

 

        [ , T
sss CCC ]....[] 1+−−=C Lvjsjs /)1(21 −+−=−+− πω  and 

        [  with  T
sss eheheh ]....[] 0,0,10, +−−=D gMMMe )( 321 ++= . 

 

Having determined the coefficients C  from equation 3.71, these are substituted in 

equation 3.62 to determine the coefficients G .   and G  are then used to determine 

the discrete model and the track displacements.   

C

Note that when , all diagonal elements in matrix  tend to the value -1, while 

non-diagonal elements tend to 0. From equation 3.71, the vector C  becomes 

0→v A

 

                    [ .                (3.72) T
sss hhhgMMM ]....[)(] 0,0,10,321 +−−⋅++−=C

 

Substituting in equation 3.57 
 

                                     .                            (3.73) 
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sn
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The summation on the right hand side is equal to the rail displacement under a non-

oscillating moving load. Hence, when v , the rail displacement is equal to the static 

displacement multiplied by the weight of the discrete model.     

0→

 
 
 

3.3 Results for tracks with continuous slabs 
 

The parameters used to analyse floating-slab tracks are given in Table 3.1. These 

parameters are identical to the ones used by Forrest [29] except for the dampers. 

Smaller damping factors are used with 5% damping ratios. The damping factors can be 

calculated from the damping ratios from the following relationships 
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                        1111 2 mk ⋅⋅= ζc  and 2222 2 mkc ⋅⋅= ζ .                                (3.74) 

 

 

Rail Slab 
2

1 /10 mMPaEI =  2
2 /1430 mMPaEI =  

mkgm /1001 =  mkgm /35002 =  

mmMNk //401 =  mmMNk //502 =  

)//(/3.61 smmkNc =  )//(/8.412 smmkNc =  

 
Table 3.1: Parameter values used for the floating-slab track. 

 

 

The free-vibration equations of a floating-slab track are calculated from equation 3.6 

by setting the force to zero, i.e.  
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The dispersion equation is calculated by the non-trivial solution of this equation, i.e. 

0=A  or 0),(1 =ωξf  as in equations 3.7 and 3.8 with 01 =c  and  (compare 

with equation B.21). The vector 

02 =c

y~  is the eigenvector describing the mode shape and 

can be calculated as explained in Appendix B. The dispersion curves are the real 

solutions of the dispersion equation and usually plotted for only positive frequencies 

due to symmetry about zero frequency. However, negative frequencies are important for 

calculation of critical velocities, which will be discussed later in this section.  

Figure 3.7 shows the dispersion curves of the track. It has two positive cut-on 

frequencies. The first occurs at 18.75Hz, where waves start to propagate away from the 

excitation point. Note that cut-on frequencies of the track are associated with zero 

wavenumbers, i.e. infinite wavelengths, and hence the track behaves as a two-

dimensional structure. As the slab is much heavier than the rails, the value of the first 
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cut-on frequency can also be approximately calculated using the single-degree-of-

freedom system consisting of a mass equal to the slab's mass per unit length and a 

spring with stiffness equal to the slab-bearings' stiffness per unit length, i.e. 

22 /)2/(1 mkf π= , which results in a cut-on frequency of 19.02Hz. By calculating y~  

in equation 3.75 at the first cut-on frequency, the motion of the rails and the slab is 

observed to be in phase.  
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Figure 3.7: Dispersion curves of the floating-slab track calculated from the equation 0),(1 =ωξf .  The 

load velocity lines are also shown for two velocities 50 m/s and 385 m/s. 
 

 

The second cut-on frequency occurs at 102.15 Hz. At this cut-on frequency, waves 

propagate in which only the rails vibrate, while the slab does not move. Again the value 

of the second cut-on frequency can be approximately calculated using the single-degree-

of-freedom system consisting of a mass equal to the rails' mass per unit length and a 

spring with stiffness equal to the railpads' stiffness per unit length, i.e. 

11 /)2/(1 mkf π= , which results in a cut-on frequency of 100.66Hz.  
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The track displacements under a static moving load, i.e. 0=ϖ , can be evaluated by 

performing the integrations in equations 3.11 and 3.12 numerically. Note that the 

integrated functions have infinite values at points where the denominator ),(1 vf ξωξ −=  

is equal to zero. The dispersion curves in Figure 3.7 give the solutions of the equation 

0),(1 =ωξf  in absence of damping. At the velocity when the line vξω −=  becomes 

tangential to the curve 0),(1 =ωξf , the displacement becomes infinite and this velocity 

is called the critical velocity.  
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Figure 3.8: Rails and slab displacements under a non-moving harmonic load; (a) displacement, (b) phase. 
 

 

In the absence of damping, the displacement is infinite at a velocity equal to the 

critical velocity. If damping is considered, the functions ),(/),( 12 ωξωξ ff  and 

),(/),( 13 ωξωξ ff  will have peaks at the dispersion curves with higher values at lower 

angular frequencies ω . Hence, the track will have a finite peak at the critical velocity 

and smaller displacements at higher velocities. Figure 3.7 shows the line vξω −=  which 

is called the load velocity line, for two velocities; 50 m/s and 385 m/s. The latter is the 

track’s critical load velocity.          
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Figure 3.8 (a and b) shows the track displacements and phases for a non-moving 

oscillating load.  It can be seen that peaks occur at cut-on frequencies. This is because 

the load line vξϖω −=  (with 0=v  in this case) becomes tangential to one of the 

dispersion curves of the track in Figure 3.7 at cut-on frequencies. The importance of 

propagating waves can be realised away from the excitation point.  Figure 3.9, shows 

the track responses at 40m away from the excitation point. It can be seen that the 

response below 19Hz is small as it is dominated by evanescent waves and leaky waves 

which decay dramatically with distance.  Figure 3.9.b shows that at the range of 

frequency between the two cut-on frequencies, both the rails and slab move in phase. 

Above the second cut-on frequency, the picture is complicated as two propagating 

waves contribute to the track displacement as can be seen from Figure 3.7. 

 

 

 

 

 

0 20 40 60 80 100 120 140 160 180 200
−100

−80

−60

−40

−20

frequency [Hz]

y 
m

ag
. [

dB
 re

f m
m

/k
N

]

rail
slab

0 20 40 60 80 100 120 140 160 180 200

−100

0

100

frequency [Hz]

y 
ph

as
e 

[d
eg

]

(a) 

 

(b) 

Figure 3.9: Rails and slab displacements at 40m away from a non-moving harmonic load; (a) 

displacement, (b) phase.   
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A different way of calculating the dispersion curves for a track under moving loads 

is by directly solving the equation 0),(1 =−= vf ξϖωξ . At a given excitation 

frequency ϖ , this results in eight eigenvalues ( 8321 ,...,,, ξξξξ ). Due to the factor 

in equations 3.13 to 3.16, the value of tivtxi ee ϖξ )( − ξ  determines the wave type, whether 

propagating, leaky or evanescent, but in a moving frame of reference vtx −  (see 

Appendix B for more details). At a given positive ϖ , a positive real root ξ  represents a 

wave propagating to the right ahead of the moving load. In absence of damping, the 

velocity  gives the dispersion curves calculated before in Figure 3.7. Dispersion 

curves for v  are symmetrical about 

0=

=

v

0 0=ξ . This means that waves that propagate to 

the left are identical to those that propagate to the right. When considering damping in 

the calculations (provided by c  and c ) for non-moving loads, all roots shift to new 

positions by rotating counter clockwise in the complex 

1 2

ξ  domain. Hence, positive real 

values of ξ  gain small positive imaginary part and negative real values of ξ  gain small 

negative imaginary part. Thus propagating waves transform to leaky waves with small 

coefficients of attenuation. 
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Figure 3.10: Dispersion curves for floating-slab track under an oscillating moving load with . smv /300=
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Figure 3.10 shows the dispersion curves for 300=v m/s, where only positive 

frequencies are plotted. The dispersion curves are no longer symmetrical about 0=ξ . 

Compared with the non-moving load, the curves have moved down and to the left. Cut-

on frequencies are lower than before and wavenumbers are longer ahead of the load 

than behind the load. This means that wavelengths are shorter in front of the load. At 

frequencies just above the first cut-on, waves with longer wavelengths have negative 

phase velocities.  However, these waves still propagate away from the load as they have 

positive group velocities, see [38] for more details.  

By increasing the load velocity more and more, the lower dispersion curve heads 

toward the wavenumber axis and touches it around 385 m/s (the same critical velocity 

as calculated before from Figure 3.7). At this velocity, waves propagate from a static 

moving load, i.e. a load with 0=ϖ .  
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Figure 3.11: Rail displacement under non-oscillating moving load. Critical velocity occurs at 380 m/s. 
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The critical load velocity can also be calculated by plotting the displacement of the 

rail as a function of the load velocity as shown in Figure 3.11. The critical load velocity 

from this figure occurs at about 380m/s, i.e. slightly smaller than the value calculated 

before and the difference is attributed to damping which is modelled in the calculations 

of Figure 3.11. This figure also shows that the velocity effect is negligible when 

modelling non-oscillating moving loads on floating-slab tracks. This is true up to 

100m/s, where no difference is observed between the static solution and the moving 

load solution. For underground trains, 100m/s is much higher than typical train 

velocities. 

In the previous discussion, wave propagation is considered in a moving frame of 

reference. For a propagating wave with angular frequency ϖ  and wavenumber jξ , the 

observation point oscillates with angular frequency ϖ  in a moving frame of reference. 

However, in a fixed frame of reference, it oscillates with angular frequency vjξϖ − . 

This can be shown from the following relationship  

 

                                      e .                                        (3.76) xitvivtxiti jjj eee ξξϖξϖ ⋅=⋅ −− )()(

 

Hence, for a fixed frame of reference, the oscillation frequency jω  of the 

observation point can be written as 

 

                           )/1()/1( jjjj cvvv −=−=−= ϖϖξϖξϖω  

or 

 

                                               )/1( jj cvff −=                                                    (3.77) 

 

where  is the oscillation frequency for a fixed frame of reference, jf f  is the oscillation 

frequency for a moving frame of reference, and  is the phase velocity of the 

propagating wave. Equation 3.77 is known physically as Doppler effect, see [117] for 

example.  can be positive or negative depending on the direction of propagation. 

jc

jc
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As mentioned in Section 3.1.1, calculations of the track displacements are verified 

by computing the power transmission through the rails. Figures 3.12 and 3.13 show the 

instantaneous power input in a longitudinal section of the rails bounded by  and 

. The power is calculated for a constant moving load in Figure 3.12 and 2 Hz 

harmonic load in Figure 3.13. 

0=x

6=x

For conservation of power, the total input power is equal to the sum of the rate of 

change of kinetic and potential energies or in other words, the sum of kinetic and 

potential powers. This equality provides a check to the results presented in Section 3.1.1 

and is confirmed by Figures 3.12 and 3.13. To calculate the input power to a section of 

the rails bounded by  and 0xx = fxx = , where , the following relationships are 

used: 

0xx f >
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2. The input power from the shear force and bending moment at 0xx =  
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where the first and the second terms express the power from the shear force and the 

bending moment respectively. 

 

3. The input power from the shear force and bending moment at fxx =  

 

ffff xxxxxxxx tx
y

x
yEI

t
y

x
yEItP ==== ∂∂

∂
⋅

∂
∂

+
∂
∂

⋅
∂
∂

−= )Re()Re()Re()Re()( 1
2

2
1

2

1
1

3
1

3

13 .           (3.80) 

  



CHAPTER 3: MODELLING OF FLOATING-SLAB TRACKS 67

The sum  is plotted in Figures 3.12 and 3.13 as a single quantity and called 

the boundary power.                

)()( 32 tPtP +

4. The input power from the railpads' stiffness 
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5. The input power from the railpads' damping 
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The sum  is plotted as a single quantity and called the railpads' power.    )()( 54 tPtP +

 

6. The kinetic power 
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7. The potential power 
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As mentioned before, the sum of input power is equal to the sum of kinetic and 

potential powers. This can be written mathematically as 
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Figure 3.12: Instantaneous power in a 6m longitudinal section of the rails bounded between x=0m and 

x=6m, for a non-oscillating unit load moving with velocity 12m/s. The load passes x=0m at t=0s and 

x=6m at t=0.5s. (a) Different components of the power. (b) Kinetic and potential power. The input power 

from the force is multiplied by 100 to be clarified.    
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Figure 3.13: Instantaneous power in the same section as in Figure 3.12 but for a 2Hz oscillating unit load 

moving with velocity 12m/s. (a) Different components of the power. (b) Kinetic and potential power.    
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From Figures 3.12.b and 3.13.b, it can be seen that at low excitation frequency, most 

of the power is used to deform the beam rather than to vibrate it. This is the reason that 

the potential power dominates over the kinetic power.  

The input power from a moving load to the entire track (see equation 3.78) for a 

non-oscillating moving load can be written using the moving frame of reference, i.e. 

vtxz −=  as 
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In a moving frame of reference, the track deflection is independent of time and 

hence the second term in the right hand side is equal to zero, this enables writing  
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The real symbol is not written in the last equation as all values of track responses are 

real values for a static-moving load. This means that the input power is equal to the load 

velocity multiplied by the slope of the rail deflection under the moving load. 

 
 

3.4 Results for tracks with discontinuous slabs 
 

The parameters given in Table 3.1 for a track with a continuous slab are used again in 

this section. Figure 3.14 shows the rail displacement at X=0.5 in the non-dimensional 

space-frequency domain. The Periodic-Fourier method is used to produce this result, 

which confirms the fact that most of the displacement activities lie near the excitation 

frequency.  

Three Matlab [75] codes are developed to study the methods presented in Section 

3.2.1. These codes are run on a PC computer with 1GB RAM and 2.4GHz processor. 

Figure 3.15 shows the time-history rail displacement for a track with slab length 
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mL 6=

10=

 at , i.e. , for an oscillating moving load (1. e ) with 

 and 

25.0=X

r

mx 5.1=

)/2( Lv×

tiϖ

v hkm / 2= πϖ  sec/82.5 rad= . The excitation frequency is 

chosen such that the load completes two cycles when it passes over one slab length. The 

three methods give identical results, although the third method is approximate. The 

running time to produce the results in Figure 3.14 using the Fourier–Repeating-unit 

method is 19 minutes where the Periodic-Fourier and the Modified-phase methods take 

only 2 and 1.2 seconds respectively. 
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Figure 3.14: Spectrum of rail displacement for three values of f =10Hz, 100Hz and 200Hz 

corresponding to φ = 135.7, 1357.2 and 2714.3 respectively. For all curves v=10km/hr, L=6m, and 

X=0.5. 

 

 

More improvement to the code of the first method could enhance the running time. 

For instance, values of G  in the lower half of the mesh in Figure 3.4, can be 

deduced from values of  in the upper half using the relationship 

),(ˆ xxoω

),(ˆ xxG oω

 

                                                G .                                            (3.88) ∗
− = ),(ˆ),(ˆ xxGxx oo ωω
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This is because the input force for  is a complex conjugate of the input 

force for . Under any improvement to the code of the Fourier–Repeating-unit 

method, it is not expected to be as efficient as the Periodic-Fourier method. This is 

because the first method involves computing results for non-moving loads in a two-

dimensional mesh (see Figure 3.4), whereas in the second method the calculations need 

to be performed only along one column of points to produce the same results. This 

obviously gives the second method a computational advantage.   

),(ˆ xxG oω−

),(ˆ xxG oω
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Figure 3.15: Displacement time-history at 25.0=X  in the rail, for a moving harmonic force with 

sec/82.5 rad=ϖ , , and L= 6m. The three methods described in Section 3.2 are used and 

identical results are obtained.     
hrkmv /10=

 

 

In Figure 3.15, the real curve shows the response of the rail for a harmonic load 

which passes x=0 with a maximum magnitude  ( Re( ). The imaginary curve 

shows the response of the same point in the rail but for a harmonic load that passes x=0 

with zero magnitude ( ). 
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Figure 3.16 shows the rail response under a non-oscillating moving load with 

velocities 1 km/hr, 80 km/hr and 300 km/hr. No significant differences are observed in 

the track response for velocities up to 80km/hr. For underground trains, the velocity is 

restricted (usually maximum of 60km/hr) to allow for train stopping at stations, and 

hence the static solution is sufficient in modelling of quasi-static moving loads. Figure 

3.16 also shows that the stiffness under a moving load is not uniform. A parametric 

excitation occurs for a moving train due to this variable stiffness.  This effect will be 

investigated at the end of this section. 
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Figure 3.16: Rail displacement under a downward static-moving load for a track with 6m slab. 

 

 

Figure 3.17 (a and b) shows the rail and slab displacements under a non-moving 

oscillating load applied at X=0.25 for three slab lengths L=3m, L=6m, and L=12m. By 

comparing the displacements at zero frequency, the stiffness of the track is higher for a 

longer slab length. This is expected as bending stiffness of the longer slab contributes 

more to the stiffness of the track. Two pronounced peaks occur at the same cut-on 

frequencies of the track with a continuous slab, which is discussed in Section 3.3.  
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Figure 3.17: Track displacement under an oscillating non-moving load applied at X=0.25 for slab length 

L=3m, 6m and 12m. (a) rail displacement. (b) slab displacement. 

 

 

Because of slab discontinuity, more peaks appear at the range of frequency of 

interest. These peaks are attributed to standing waves which are built by reflections of 

propagating waves at free ends of the slab. Frequencies at which peaks occur can be 

calculated from the free-free beam natural frequencies, see [7] for example, which reads 

 

 

                                                   2

2

2

2

2 Lm
EI

f n
n π

λ
=                                                (3.89) 

 

where 73.41 =λ , 853.72 =λ , 996.103 =λ , etc… 
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Using the parameters in Table 3.1, the peaks occur at 15.8, 43.6, 85.4 Hz for 

L=12m, which are in agreement with the results in Figure 3.17 (a and b). 

Figure 3.18 shows the rail displacement under the load at X=0.25 for two velocities; 

10 km/hr and 80 km/hr at the range of frequency of interest. It can be seen that the 

velocity has no significant influence on the absolute results up to 80 km/hr. This result 

confirms the validity of the Modified-phase method which assumes a change in the 

phase, not the magnitude of the displacement due to a change in the load velocity.  
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Figure 3.18: Rail displacement under a moving load at X=0.25, L=6m, for v=10km/hr and 80km/hr. 
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Figure 3.19: Rail displacement under an oscillating moving load calculated by the Periodic-Fourier 

method and the Modified-phase method for a slab length L=6m and velocity 40 km/hr. The excitation 

frequency is: (a) 10 Hz, (b) 20 Hz and (c) 30 Hz. 

(c) 
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Figure 3.19 provides an additional check to the Modified-phase method. It shows the 

rail displacement under an oscillating moving load with velocity 40 km/hr and different 

excitation frequencies. From Figures 3.18 and 3.19, one can see that there is little 

difference between the results of the exact method, i.e. the Periodic-Fourier method and 

the approximate method, i.e. the Modified-phase method around the cut-on frequency. It 

has been shown so far that the Modified-phase method gives acceptable results to model 

tracks for typical velocities of underground trains. However, the Periodic-Fourier 

method will be used for the rest of the calculations in this section, as it gives more 

accurate results with no significant difference in the running time compared with the 

Modified-phase method.     

Before coupling a train model to the track, it is important to calculate the function 

 in equation 3.70. In Section 3.2.1, a summary of the Periodic-Fourier method to 

calculate the rail displacement under a harmonic moving load is given. The procedure is 

used for a given velocity v  and a loading harmonic-number q, to calculate the rail 

displacement at N discrete space points (

qnh ,

1,...,2,,0 XXX ∆∆= ). These correspond to 

discrete time points [ )/(),...,/( vLvL2),/( XvLXt ,0 ∆∆=

qnh ,

].  Using the displacement 

results at these points, can be calculated from the following relation 

 

                             ∑
=

−

∆⋅=
N

k

vL
qti

kkkqn vLXeXXYLa
L
v k

1

)/(
2

1, )/()],([
π

h                        (3.90) 

 

where  for  and 5.0=ka Nk ,1= 1=ka  for 1,...,3,2 −= Nk . 

Equation 3.90 is a numerical form of the Fourier series’ coefficients, see for example 

[95] and refer to equation 3.93 below. To satisfy Nyquist criterion  

 

                                            
)/(

21
vL

q
t

≥
∆

  or  
q

X
2
1

≤∆ .                                           (3.91) 

 

A Matlab code [75] is developed to analyse the train-track model which is shown in 

Figure 3.6. The parameters used for the train model are kgM 10001 = , , 

 and . It is found that a value of 

kgM 20002 =

kgM 80003 = mkNku /2000= 10=s  is sufficient for 
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convergence of results calculated by equations 3.57-3.60. The code involves computing 

 for the calculations of equation 3.71 and the following relationship is used to 

improve the running time 

qnh ,

iω−

 

                                                             h                                                    (3.92) ∗
−− = qnqn h ,,

 

where  is the complex conjugate of . In equation 3.71, it is enough to calculate 

values of  for zero and positive q’s, and use equation 3.92 to calculate  for 

negative q’s. In proving equation 3.92,  can be defined from the following equation 

∗
qnh , qnh ,

nqh ,

qnh , qnh ,
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1 ωh                                         (3.93) 

 

where  is the rail displacement under a moving oscillating load with angular 

frequency 

qy

qω . If the load is oscillating with an angular frequency qq ωω −=− , i.e. 

( e ), the displacement  is just a complex conjugate of . 

This is because the load in this case is just the complex conjugate of the load in the first 

case. Thus, it is possible to write 

tt q
tq ωsin−qωcos= qy− qy
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and using equation 3.93 
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Figure 3.20 shows the Dynamic magnification factor DMF for two values of the 

suspension damping ratio ζ = 0.1 and 0.5. Results in this figure are calculated by using 
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equation 3.60 to calculate the force at the unsprung-mass–rail interface as a function of 

time for a given velocity. The maximum and minimum values over the time are 

recorded, normalised and plotted as shown in the figure. The maximum recorded 

magnification is about 1%. It should be noted that the value of  does not influence 

the DMF (see equation 3.63) as it only affects the static component of the force.  

3M

 

 

0 20 40 60 80 100
0.98

0.985

0.99

0.995

1

1.005

1.01

1.015

1.02

velocity [km/hr]

D
M

F

ζ=0.1
ζ=0.5

Figure 3.20: Dynamic magnification factor. This gives the maximum and the minimum of the mass-rail 

forces. These forces are normalised by dividing by gMMM )( 321 ++ . Values greater than 1 are for the 

maximum DMF, while those below 1 are for minimum DMF. 

 

 

The figure shows some peaks at velocities 27, 36 and 54 km/hr for ζ = 0.1. These 

three peaks correspond to the sprung mass resonance, which can be calculated by 

HzMkf ur 5/)2/1( 2 == π

sec// mnLfv rr =

. From this frequency, resonance occurs when velocity is 

equal to  , which agree with the values observed at 

n=4,3,2. These peaks are attenuated by increasing the damping ratio of the suspension 

to 0.5.  

hrkmn //108=
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Figure 3.21 shows the effect of changing the suspension stiffness from 

 to k . The stiffness in the second case is so 

high that the train model behaves as a single mass (equal to 1000+2000=3000 kg) 

moving over the track. The figure shows that the DMF now exceeds 1.01 at velocities 

near 100km/hr.  

mkNku /2000= mkNu /102000 6×=
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Figure 3.21: Dynamic magnification factor shows the maximum and the minimum of the mass-rail force. 

These forces are normalised by dividing by gMMM )( 321 ++ . Values greater than 1 are for the 

maximum DMF, while those below 1 are for minimum DMF. 

 

 

In Figure 3.21 peaks occur at velocities 70, 87.5km/hr for . 

These peaks can be explained by Figure 3.22 which shows the response of a mass 

 coupled to a track with a discontinuous slab at 

mkNku /102000 6×=

25.0kgM 3000= =X , and excited by a 

unit harmonic load. The mass displacement is calculated by 
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r
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HM
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where  is the rail displacement under a non-moving unit harmonic load applied 

at  with 

rH

XLx = ϖ  excitation frequency.  

From Figure 3.22, the first peak occurs at 16.25 Hz and this is the mass-track 

resonant frequency. Hence peaks are expected in Figure 3.21 at velocities equal to 

 , which agree well with the values calculated at 

n=4,5.  

sec// mnLfv rr = hrkmn //4.329=
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Figure 3.22: Displacement of a mass M=3000kg coupled to a track with a discontinuous slab with L=6m 

at X=0.25 and excited by a unit non-moving oscillating load.  

 

 

Conclusions 
 

Floating-slab tracks are modelled in this chapter. The track displacements under 

oscillating moving loads are calculated for tracks with continuous and discontinuous 

slabs. The purpose of the work is to calculate forces at the wheel-rail interaction due to 

moving trains on smooth rail-head.   
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A track with a continuous slab is modelled using the Fourier transform method. 

Analysis of the dispersion curves is carried out to identify the track resonant frequencies 

and the critical load velocity. Power calculations are presented to check the 

displacement results. It is shown that the input-power for a static moving load is equal 

to the load velocity multiplied by the slope of the rail deflection under the moving load. 

The velocity has no significant effect on the quasi-static displacement in the range of 

velocities 0-80km/hr for typical parameters of a track with a continuous slab.  The 

dynamic effect of velocity on trains moving on such tracks is transient, i.e. vanishes 

after some time from the beginning of the movement. For a train moving with a constant 

velocity, the forces on the wheel-rail interface are only the quasi-static loads and this is 

of course in absence of any rail roughness.  

Three different methods are presented to analyse tracks with discontinuous slabs. 

These are the Fourier–Repeating-unit method, the Periodic-Fourier method and the 

Modified-phase method. These methods may also be used to analyse other periodic 

infinite structure. The second method, i.e. the Periodic-Fourier method, gives accurate 

results in low running time.  

In absence of roughness, slab discontinuity provides a parametric excitation to 

moving trains. A method is presented to analyse tracks with discontinuous slabs under 

moving trains with any velocity. However, the method is only used in this chapter for 

typical velocities of underground trains.   

For underground trains, where velocity is less than 100km/hr to allow for train 

stopping at stations, the force at the wheel-rail interface is increased by 1% of its static 

value due to slab discontinuity for typical parameters of the train and the track. 

However, this effect can be more important in the future if faster or heavier-axles trains 

are used in underground tunnels. 

While this chapter has investigated the dynamic effect of slab discontinuity on 

forces generated at the wheel-rail interface, the effect of slab discontinuity on ground-

borne vibration is not considered in this dissertation. The focus of next chapters is on 

vibration generated by tracks with continuous slabs.      



Chapter 4 

MODELLING RAILWAY TRACKS IN TUNNELS 
 

Introduction 
 
The aim of this chapter is to develop a three-dimensional model of a railway track in an 

underground tunnel and to foster a better understanding of the context of vibration from 

underground railways. As described in Chapter 2, Forrest [29] presents the pipe-in-pipe 

model, abbreviated as PiP to model an underground tunnel and its surrounding soil. The 

inner pipe accounts for the tunnel wall which is formulated using the thin shell theory. 

The outer pipe with infinite outer radius is formulated using the elastic continuum 

theory and it accounts for the soil modelled as a full-space with a cylindrical cavity. 

Forrest calculates the displacements of the PiP model for only symmetrical loads (about 

one of the tunnel axis-of-symmetry in the cross-sectional plane). He couples floating-

slab tracks to the PiP model via single line of support to account for bending loads and 

via two lines to account for the torsion of the slab. However, he assumes that forces are 

transmitted to the tunnel wall from the track only in the radial direction and does not 

consider tangential loads on the PiP model. This chapter improves on the work of 

Forrest by accounting for both the radial and tangential loads. The main features of the 

new work are: 

 

• the displacements of the PiP model are calculated for anti-symmetrical inputs on 

the tunnel wall. This allows calculation of the response of the PiP model for 

tangential forces applied on the tunnel wall; 

• three different arrangements of slab bearings are considered. The track is 

coupled to the PiP model via two lines, three lines and uniform support. This 

helps identifying the effect of slab connectivity on controlling the vibration 

propagating from tunnels as will be shown in Chapter 5. The uniform support is 

used to model the direct fixation case by setting the stiffness of slab bearings to 

infinity;  
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• dispersion curves of the PiP model and the track model are investigated. This 

provides a better understanding of the vibration results due to harmonic loads on 

the rails. 

 

This chapter is divided into five sections. Section 4.1 presents the model and 

provides the necessary equations to calculate displacements of the track for different 

types of support distribution, i.e. slab-bearings distribution. Section 4.2 shows the 

calculation of FRFs, including those for the PiP model. Section 4.3 explains the method 

used to express the stiffness of slab bearings. Section 4.4 investigates the dispersion 

characteristics of the model and finally Section 4.5 discusses the code for calculating the 

soil displacements due to any input loads on the rails.  

 

ta

tb
bb

ψ

tr

(a) (b) (c) 

Figure 4.1: Floating-slab tracks attached to the tunnel wall via: (a) two lines of support, (b) three lines of 

support and (c) uniform layer. Railpads and slab bearings are continuous along the tunnel. 

 

 

4.1 Formulation of the model 
 

Three typical distribution of supports, i.e. slab bearings are considered in this chapter. 

Floating slabs are coupled to the tunnel via two lines, three lines or uniform support 

resulting in three different models.  These models are shown in Figure 4.1 (a, b and c) and 

are analysed in the following three sections respectively. Note that the soil is considered in 

the formulation but not shown in the figure. The purpose of the analysis is to calculate the 

displacements of the rails, slab and PiP model in the wavenumber-frequency domain. The 

reader with little knowledge about coupling in the wavenumber-frequency domain is 
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referred to Appendix B.3, in which a detailed explanation is given by using the method for 

coupling two Euler-Bernoulli beams to model floating-slab tracks on rigid foundations.  

 

4.1.1 Track with two lines of support 

 

Figure 4.2.a shows the model, where all forces are in the form )(~ xtieFF ξω +=  and all 

displacements are in the form )(~ xtieyy ξω +=

5y

. Two forces are applied on the left and the 

right rails denoted  and  respectively. The rails are assumed to vibrate only vertically 

and hence each rail has a single degree of freedom. The vertical displacements of the rails 

are described by  and . The vertical, horizontal and rotational displacements of the 

slab are described by ,  and  respectively.  
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Figure 4.2: Modelling a track on two lines of support: (a) external forces on the rails and degrees of freedom 

of the track, (b) free-body diagrams of the rails and the slab, (c) forces on the left railpad and left slab 

bearings and (d) the tunnel wall displacements at the interface. 

 

 

Figure 4.2.b shows the forces and displacements on the free body diagrams of the rails 

and the slab. Figure 4.2.c shows the forces on the left railpads and the left support. The 

tunnel displacements at the contact points with the slab bearings are shown in Figure 4.2.d. 

The model has nine degrees of freedom and the input forces are only allowed at two 

degrees of freedom, i.e. on the rails. For given values of 1
~F  and 2

~F , the displacements and 
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induced forces are calculated by writing the equilibrium and compatibility equations in the 

wavenumber-frequency domain. Equations of equilibrium of the left and right rails read 

 

                                                     )~~(~~
111 rr GFHy −=                                                       (4.1) 

and                                                )~~(~~
222 rr GFHy −=                                                     (4.2) 

 

where rH
~

 is the FRF of one of the rails in the vertical direction, as the two rails are 

identical, 1
~
rG  and 2

~
rG  are the forces transmitted to the slab from the left and the right rails 

respectively. The equations of equilibrium of the slab in the vertical, horizontal and 

rotational directions are 

 

        )~~sin~sin~cos~cos~(~~
2121213 rrv GGQQPPHy ++−+−−= ψψψψ ,                           (4.3) 

        )cos~cos~sin~sin~(~~
21214 ψψψψ QQPPHy h −−+−= ,                                              (4.4) 

and  }sin))(~~(]cos)()[~~()~~{(~~
2121215 ψψγ btbtttrr brPPbrrQQaGGHy −−+−−+−−=   (4.5) 

 

where vH
~ , hH

~  and γH
~  are the FRFs of the slab in the vertical, horizontal and rotational 

directions respectively and their calculations will be shown later, ψ  is the central angle of 

the bearings (see Figure 4.1.a),  is inner radius of the tunnel,  is the horizontal 

distance between the slab centre and either the left or the right rail and  is the vertical 

distance between the slab centre and the bottom of the slab. Note that this is equivalent to 

the distance between the slab center and the tunnel invert as the bearing’s height is 

relatively small. 

tr ta

bb

The equilibrium equations of the railpads are given by 

  

                                            5311
~~~~ yakykyk trrrr −−=G                                                    (4.6) 

and                                      5322
~~~~ yakykyk trrrr +−=G                                                   (4.7)    

 

where  is the normal stiffness of the railpads. rk

The equilibrium equations of the slab bearings are given by 
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                      ]~sin)(~sin~cos~[~
65431 ybryyykP btn −−−+= ψψψ ,                                 (4.8) 

                      ]~sin)(~sin~cos~[~
75432 ybryyykP btn −−+−= ψψψ ,                                (4.9)  

                      }~]cos)([~cos~sin~{~
85431 ybrryyyk btts −−−++−= ψψψQ ,                  (4.10) 

and                }~]cos)([~cos~sin~{~
95432 ybrryyyk btts −−−++= ψψψQ                      (4.11) 

 

where  and  are the normal  and shear stiffness respectively of the slab bearings. nk sk

The equilibrium equations at the inner surface of the tunnel for the PiP model are 

 

        2961862761666
~~~~~~~~~ QHQHPHPHy −−−− +++= ,                                    (4.12) 

        2971872771677
~~~~~~~~~ QHQHPHPHy −−−− +++= ,                                    (4.13) 

        2981882781688
~~~~~~~~~ QHQHPHPHy −−−− +++= ,                                     (4.14)    

and                          2991892791699
~~~~~~~~~ QHQHPHPHy −−−− +++=                                      (4.15) 

 

where kjH −
~  is the FRF of the PiP model, which expresses the displacement of the  

degree of freedom for a unit input applied on the  degree of freedom in the 

wavenumber-frequency domain. Calculations of these values will be shown in Section 4.2.  

thj

thk

To solve equations 4.1 to 4.15, they are rewritten in matrix form as follow 

 

                               RRR FHGHy ~~~~~
1211 += ,                                            (4.16) 

                               y RS GHPH ~~~~~
2221 += ,                                              (4.17) 

                               G SRR yHyH ~~~~~
3231 += ,                                            (4.18) 

                               P TS yHyH ~~~~~
4241 += ,                                                (4.19) 

and                                                 PHyT
~~~

51=                                                               (4.20) 

where  
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Solving equations 4.19 and 4.20 for P~  

 

                                                P syHHHI ~~)~~(~
41

1
51424

−−=                                             (4.21) 

 

where  is the identity matrix of size nI nn× . Solving equations 4.16 and 4.18 for RG~  

 

                                      )~~~~~()~~(~
321231

1
11312 sRR yHFHHHHI +−= −G .                              (4.22) 



CHAPTER 4: MODELLING RAILWAY TRACKS IN TUNNELS 89

Solving equations 4.22 and 4.17 for sy~  and substituting P~  from 4.21 

 

Rs FHHHHIHHHHIHHHHIHIy ~~~)~~(~]~)~~(~~)~~(~[~
1231

1
1131222

1
41

1
514242132

1
11312223

−−−− −−−−−= . 

                                                                                                                                        (4.23) 

Equations 4.23, 4.21 and 4.20 form the necessary equations to calculate sy~ , P~  and Ty~  

respectively. 

 

4.1.2 Track with three lines of support 

 

This model has two more degrees of freedom compared with the previous one. These are 

the radial and shear displacement of the PiP model at the tunnel invert. The model is 

shown in Figure 4.3, with three lines of support. The side slab bearings lie at a central 

angle ψ  with the tunnel invert. The procedure followed in Section 4.1.1 is applied here to 

calculate the displacements for this model. The equivalent set of equations corresponding 

to equations 4.23, 4.21 and 4.20 is 
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(b) (c) (a)  

Figure 4.3: Modelling a track on three lines of support: (a) external forces on the rails and degrees of 

freedom of the track, (b) free-body diagrams of the rails and the slab and (c) the tunnel wall displacements at 

the interface. 
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1231

1
1131222

1
41

1
514262132

1
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                                                                                                                                        (4.24) 

                                                P syHHHI ~~)~~(~
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and                                                     PHyT
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All the other matrices and vectors in equations 4.24-4.26, are same as defined in 

Section 4.1.1.  
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4.1.3 Track with uniform support 

 

The floating slab in this case is connected to the PiP model via a uniform support as shown 

in Figure 4.4 with a central angle ψ  between the tunnel invert and the bearings end. The 

normal and shear stiffness of the bearings have units of  rather than s 

in the previous sections. Displacements of the track and the PiP model are calculated by 

writing the equilibrium equations in the wavenumber-frequency domain.  

2// mmN mmN //  a
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(a) (b) (c) 

 
Figure 4.4: Modelling a track on a uniform support: (a) external forces on the rails and degrees of freedom of 

the track, (b) free-body diagrams of the rails and the slab and (c) the tunnel wall displacement at angle θ at 

the interface. 

 

 

The equilibrium equations of the rails are identical to equations 4.1 and 4.2. The 

equilibrium equations of the slab are written as   

 

)sin~cos~~~(~~
213 ∫∫

−−

⋅−⋅−+=
ψ

ψ
θ

ψ

ψ
θ θθθθ drQdrPGGHy ttrrv ,                     (4.27) 

)cos~sin~(~~
4 ∫∫

−−

⋅−⋅=
ψ

ψ
θ

ψ

ψ
θ θθθθ drQdrPHy tth ,                                        (4.28) 

and                 (4.29) }]cos)([~sin)(~]~~{[~~
215 ∫∫

−−

−−−⋅−−⋅−=
ψ

ψ
θ

ψ

ψ
θγ θθθθ drbrrQdrbrPaGGHy tbtttbttrr
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where θP
~  and Qθ

~  are the induced forces for the PiP model on the tunnel wall at a central 

angle θ  as shown in Figure 4.4.b. The equilibrium equations for the railpads are identical 

to equations 4.6 and 4.7. The equilibrium equations for slab bearings at angle θ  are 

written as 

                

                         ]~sin)(~sin~cos~[~
543 Nbtn ybryyykP θθ θθθ −−+−=                              (4.30) 

and                   ]~]cos)([~cos~sin~{~
543 Tbtts ybrryyyk θθ θθθ −−−++=Q                    (4.31) 

 

where Nyθ
~  and Tyθ

~  are the displacements of the tunnel wall at a central angle θ  as shown 

in Figure 4.4.c. The equilibrium equations of the PiP model are written as follows 
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where NNHθτ
~ , NTHθτ

~ , TNHθτ
~ , TTHθτ

~   are the FRFs of the PiP model and express the 

displacement at angle θ   for a unit load applied at angle τ . The left superscript 

determines the direction where the load at angle θ  is applied.  is normal to the tunnel 

wall and 

N

T  is tangential. The right superscript determines the direction of the calculated 

displacement at angle τ .   

The integrations in the previous equations can be performed numerically. The 

trapezium rule [95] is used, where the collocation points are evenly distributed along the 

integration path. Equations 4.27-4.29 can be written as 
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                                                                                                                                     (4.36) 

 

where M  is the number of collocation points, 5.0=jc  for Mj ,1=  and c  for all 

other , 

1=j

j )1/(2 −= M∆ ψθ  and θψθ ∆−+−= )1( jj . 

Equations 4.32 and 4.33 can be written as 

    

                                   (4.37) )~~~~(~
11

∑∑
==

∆⋅+∆⋅=
M

j
t

NT
ijjj

M

j
t

NN
ijjjiN rHQcrHPcy θθ

and                                                      (4.38) )~~~~(~
11

∑∑
==

∆⋅+∆⋅=
M

j
t

TT
ijjj

M

j
t

TN
ijjjiT rHQcrHPcy θθ

 

To calculate the displacements of the track and the PiP model, equations of equilibrium 

are written in matrix form as done in the previous two sections. Equations 4.16-4.20 can 

be written again here to calculate the model displacements. Some notation of these 

equations is different and is defined as 
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The model displacements can now be calculated from the following equations 

(compare with equations 4.24-4.26) 

 

     y~ ,       Rs FHHHHIHHHHIHHHHIHI ~~~)~~(~]~)~~(~~)~~(~[ 1231
1

1131222
1

41
1

514222132
1

11312223
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                                                                                                                                        (4.39) 

                                       P syHHHI ~~)~~(~
41

1
51422

−−= M ,                                                  (4.40) 

and                                           PHyT
~~~

51= .                                                                   (4.41)                        

 

 

4.2 Evaluation of FRFs 
 

To calculate the displacements at a given wavenumber and angular frequency ( ),ωξ  for 

any of the models described in the previous sections, values of FRFs are to be calculated 

firstly at the same wavenumber and angular frequency. FRFs of the rails and the slab are 

calculated using Euler-Bernoulli beam theory. FRFs of the coupled tunnel and the 

surrounding soil are calculated using the PiP model.  
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4.2.1 FRFs of the rails and slab 
 

The rails and the slab are modelled as Euler-Bernoulli beams. The governing differential 

equation for an infinite Euler-Bernoulli beam subjected to external torque T  is given 

by  
),( tx

 

                                               ),(2

2

2

2

txT
x

GK
t

J =
∂
∂

−
∂
∂ γγ                                                (4.42) 

 

where  is the torsional rigidity of the beam (  is the shear modulus, GK G K  is the torsion 

constant of the beam section),  is the polar moment of inertia. Transforming this 

equation to the wavenumber-frequency domain using equations A.1 and A.2 results in 

J

 

                                                    TGKJ ~~~ 22 =+ γξγω− .                                              (4.43) 

   

The FRF for the beam torsion is defined as the beam rotation for a unit torque in the 

wavenumber-frequency domain. Applying this definition results in 

 

                                                   22

1
~
~

ωξ
γ

γ JGKT
H

−
== .                                            (4.44) 

 

Calculation of the bending FRF of the beam is shown in Appendix B and given by 

equation B.26. 

 

4.2.2 FRFs of the PiP model 
 

Unlike FRFs of beams, calculating FRFs of the PiP model are not straightforward. This is 

because another coordinate is involved in the calculations. This coordinate is θ  and it 

describes the variation around the tunnel. There are two types of FRFs according to the 

input load. In the first type, the input load is applied radially to the tunnel wall, for 

instance to calculate 66
~

−H , 67
~

−H , 68
~

−H  and 69
~

−H  in Section 4.1.1 (see Figure 4.2.d). In 
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the second type, the input load is applied tangentially to the tunnel wall, for instance to 

calculate 86
~

−H , 87
~

−H , 88
~

−H  and 89
~

−H  in Section 4.1.1 (see Figure 4.2.d).  The difference 

between the two types is that the load and displacements in the first type decompose into 

symmetrical-sinusoidal Fourier-series-components, while the second results in anti-

symmetrical–sinusoidal Fourier-series-components about the axis-of-symmetry of the PiP 

model at the load position. To explain this point, consider calculations of 87
~

−H . This FRF 

can be evaluated by the following: 

)( txi ωξ +.1)t =

y

ωω ( xie ξ

(.1 xie ξ +

θ

), tθ =

πθ 2+

 

• apply a unit force in the position and the direction of  (see Figure 4.2.d) in the form 

;  

8y

,( exF

• calculate the displacement in the position and the direction of  (see Figure 4.2.d). 

The displacement takes the form 

7y

)(
787 .~),( txieHtx ωξ += .  

 

As discussed in Appendix B, a unit load in the wavenumber-frequency domain at 

[ ξξ = and = ] corresponds to a load with space and time variation )tω+  in the 

space-time domain. Transforming the quantity [ )()( ωωδξξδ −⋅−⋅1 ] to the space-time 

domain confirms this result. 

To include the variation around the tunnel wall, the load  can be 

written in a vector form to express the longitudinal, the tangential and the radial load 

distribution in terms of 

)),( ttxF ω=

 as 
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where θ  is measured in a clockwise direction and is equal to zero at the position of the 

applied load. The distribution with respect to θ  can be written as a summation of Fourier 

series, see [95] for example, with periodicity π2 . This is because the load does not change 

by moving from θ  to  around the tunnel. Thus equation 4.45 can be written as  
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t

n r
c

⋅
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πθ
1   for n=1,2… ∞ , 0=xnc  and 0=rnc   for all n. 

It should be noted that the load components in equation 4.46 for a given cross-sectional 

wavenumber n, is anti-symmetrical about 0=θ  and is identified in this context as the 

second loading combination. The first loading combination, i.e. a symmetrical input load, 

is calculated by replacing any θncos  in equation 4.46 by θnsin  and vice versa. For 

general anti-symmetrical stresses applied on the PiP model in the form 
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The displacement of the PiP model at the inner surface of the tunnel wall can be 

written in the form 
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Figure 4.5 shows the sign convention for the stresses and displacements in equation 

4.47 and 4.48. It also shows the composition of a tangential load applied at the tunnel 

invert into its Fourier components. The PiP model displacements due to the load in 

equation 4.46 can be calculated using equations 4.47 and 4.48 for each n, in which ux~ , 

θu~  and zu~  are significant. The total displacement is calculated by summing the 

displacements for all values of n. The PiP model displacement given by equation 4.48 

decreases by increasing the value of n and hence a limited number of n should be 

included in the calculations to get a converged solution.  Further details about the 
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calculations of anti-symmetrical displacements in the form of equation 4.48 due to input 

stresses in the form of equation 4.47 are given in Appendix C.  
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Figure 4.5: Schematic showing the decomposition of a load applied tangentially at the tunnel 

invert. (a) and (b) show the spatial distribution of the load, (c) shows the steady state and the first three 

Fourier components of the load. (d) and (e) show the sign convention of the displacements and stresses 

respectively. The cross sign means perpendicular to the page, into it.  

)( xtie ξω +
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4.3 Stiffness of slab bearings 
 

The stiffness of slab bearings is expressed in terms of the vertical natural frequency of the 

slab modelled as a beam on Winkler foundation, where the foundation stiffness is equal to 

the stiffness of the slab bearings. This is a widely accepted way in the industry to describe 

floating-slab tracks. A Hz floating slab is a slab that has a cut-on frequency at Hz for 

a rigid tunnel wall. It should be noted that in reality the vertical cut-on frequency of the 

slab is shifted due to the influence of the rails, tunnel and ground, which are not 

considered when calculating the cut-on frequency. However, this shift is typically small 

for soft slab bearings and much lighter rails compared with the slab. For a floating slab 

with a mass  and vertical stiffness of slab bearings , the cut-on frequency is 

calculated from the following relationship 

nf nf

sm vk

 

                                                    
s

v
n m

k
f

π2
1

= .                                                           (4.49) 

 

Using equation 4.49 for the models shown in Figure 4.6, the natural frequency of the 

floating slabs are calculated by: 

 

for two lines of support 
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for three lines of support 
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for uniform support 
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where  is the ratio of the shear stiffness to the normal stiffness of the slab bearings, i.e. 

. 

ℜ

s k/ nk=ℜ

 

 

(b) 

ψψ ψ

(c) (a) 

 
Figure 4.6: 2D models of floating slabs connected to the tunnel wall via: (a) two lines of support, (b) three 

lines of support and (c) uniform support. 
 

 

4.4 Dispersion characteristics of the model 
 

In this section, FRFs of the model are investigated by studying the dispersion 

characteristics of the PiP model and the track on rigid foundation model. It is useful before 

that to study the dispersion behaviour of the separate components of the PiP model, i.e. the 

free tunnel modelled as a thin shell and the free soil modelled as a full-space with a 

cylindrical cavity. The reader is referred to Appendix B which provides a good 

introduction about wave propagation and dispersion equations by modelling a track as 

double beams on rigid foundation.  

Table 4.1 shows the parameters of the tunnel, soil and track, which are used for the 

analysis in the following sections. The parameters used in the table are defined as follows: 

E  is the Elastic modulus; ν  is Poisson’s ratio; ρ  is the density; r  is the cavity radius; c λ  
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and µ  are Lame’s constants; c  and  are the compression and shear wave velocities;  

is the tunnel inner radius and  is the tunnel thickness.  The track parameters are defined 

in Section 4.1. 

p

h

sc tr

50=

ν

=

rt =

h =

28

19

=

=

 

 

Soil Tunnel Track 

PaE 610550×=  

44.0=ν  
3/2000 mkg=ρ  

mrc 00.3=  

Pa9104.1 ×=λ  

Pa610191×=µ  

smcp /944=  

smcs /309=  

PaE 910×  

3.0=  
3/2500 mkgρ  

m75.2  

m25.0  

Pa9108. ×=λ  

Pa9102. ×=µ  

smcp /5189  

smcs /2774  

46105 mPaEI r ⋅×=  

mkgmr /50=  

mmNkr //1020 6×=  
46101430 mPaEIv ⋅×=  

46 .1041699 mPaEIh ×=  

mkgms /3500=  

4910875.1 mPaGK ⋅×=  

mmkgJ /1310 2⋅=  

mat 75.0=  

mbt 2.0=  

mbb 3.0=  

ℜ =1.0 for   ∞→nf

and ℜ =0.5 otherwise  

 
Table 4.1: Parameter values used to model a railway track in a tunnel. 

 

 

 

4.4.1 Dispersion characteristics of the PiP model 
 

This section is divided into three parts discussing the solution of the dispersion equations 

for: the tunnel wall modelled as a thin shell, the surrounding soil modelled as a thick shell 

(using the elastic continuum theory) and the coupled tunnel wall and soil. 
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The tunnel wall modelled as a thin shell 
 

The equilibrium equation of a thin cylindrical shell in the wavenumber-frequency domain 

is given by 
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where  for the first loading combination, i.e. symmetrical input and  for the 

second loading combination, i.e. anti-symmetrical input. The elements of  are 

calculated by the author and given in Appendix C, while the elements of A  are calculated 

by Forrest [29] and can be written in terms of  elements (see equation C.4) as follows 

1AA = 2AA =

A

1

2

2A

 

                                                                                              (4.54) 21

111
111

111
AA ∗

















−
−−

−
=

 

where  means an element to element multiplication. The unforced vibration (free 

vibration) solution of equation 4.53 is calculated by setting the stress vector to zero, this 

results in two possible solutions:  

)(∗

 

• a trivial solution, i.e. 0~ =xnu , 0~ =nuθ , 0~ =rnu ;                                                            

• a non-trivial solution, 0),( == AωξD .                                                                 (4.55) 

 

It can be shown that the determinants of  and  are identical. Calculating the 

determinants of both the matrices can prove this. It can be alternatively proved by using 

the following determinants property. For two square matrices  and G  of the same size, 

if  results from multiplying one of 's rows or columns by a constant c, then the 

relationship between the determinants of the two matrices is, see [106] for example 

1A 2A

B

B G
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                                                              GB ⋅= c .                                                       (4.56) 

 

Note that  is calculated by multiplying the second row and then the second column 

of  by –1 and hence the two matrices have the same determinant. Equation 4.55 is 

known as the dispersion equation. This equation can be written as a polynomial of the 

eighth degree as 

1A

2A

 

                                                                    (4.57) 5
2

4
4

3
6

2
8

1),( aaaaaD ++++= ξξξξωξ

 

where , , ,  and  are real quantities (for no damping) and are functions of the 

angular frequency 

1a 2a 3a 4a 5a

ω , the cross-sectional wavenumber n and the shell parameters.  

For given n and ω , there are 8 roots for equation 4.57. If ξ  is a root, ξ−  is also a root 

due to absence of odd powers in (4.57). Also  is another root because the coefficients 

, , … a  are real quantities. This means for each root 

∗ξ

1a 2a 5 ξ , there are three other roots 

[ ξ− , , − ].  ∗ξ ∗ξ

Figure 4.7 shows the solutions of the dispersion equation calculated by Matlab [75] 

built-in function “roots” for the tunnel parameters given in Table 4.1. For n=0, there are no 

evanescent waves at the frequency range of interest. Two non-dispersive waves can 

propagate freely at all frequencies: the compression wave and the shear wave (torsional 

wave). The compression wave propagates with phase velocity equal to ρ/E = 4472 m/s 

and this is equal to the pressure wave velocity of cylinders [38] and is slower than the 

velocity of compression wave in a full-space (5189m/s) with the same material properties 

as the shell (see Table 4.1). This is because Poisson’s effect is restraint in a full-space 

while it is not in the shell case. Unlike the compression wave, the torsional wave 

propagates with velocity equal to the shear wave velocity in a full-space, which is equal to 

2774 m/s.  
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Figure 4.7: Solutions of the dispersion equation of a thin shell, where only roots in the first quarter of the 

complex wavenumbers for  are plotted. The left column of subfigures shows the real part of 

the roots, where the right column shows the imaginary part of the roots. Each root is plotted with different 

line style, i.e. (-), (--), (-.) and (..).  

]3,2,1,0[=n
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For n=1, there are propagating waves at all frequencies while evanescent waves exist 

below 153.5 Hz with wavenumbers smaller than 0.16 rad/m. Leaky waves exist at all 

frequencies. The real parts of wavenumbers associated with the leaky waves are greater 

than the wavenumbers of the propagating waves and hence leaky waves have smaller 

wavelengths compared with the propagating waves. The imaginary parts of wavenumbers 

associated with the leaky waves are greater than wavenumbers for evanescent waves and 

hence they are much attenuated. At 153.6 Hz there is a cut-on frequency, above which two 

waves with different wavelengths propagate. The case for n=2 is important, because it is 

the minimum cross-sectional wavenumber in which waves do not propagate below a 

certain frequency (17.5 Hz in this case).  

Figure 4.8 shows the dispersion curves for all values of n. For values of n greater than 

5, waves cannot propagate freely within the frequency range of interest. The curves in 

Figure 4.8 are assembled using the real solutions for the range n=0-5. As shown in 

Chapter 3, dispersion curves are of particular interest, as FRFs in the wavenumber-

frequency domain exhibit peaks (or infinite response in absence of damping) at 

wavenumbers and angular frequencies along these curves. Also the velocity lines can be 

constructed to identify the peaks in the space-time domain.  
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Figure 4.8: Dispersion curves of a free tunnel wall modelled as a thin shell. 
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The cut-on frequencies of the thin shell are associated with zero wavenumbers, i.e. a 

plane-strain problem. Hence, the shell behaves as a 2D ring and cut-on frequencies can be 

calculated from the corresponding natural frequencies of a ring as verified by Forrest [29].     

Figure 4.9 shows the dispersion curves of the tunnel modelled as a thick cylindrical 

shell. The work of Gazis [33-35] is employed to calculate these results. Gazis uses the 

elastic continuum theory to calculate dispersion curves for cylindrical shells. The 

formulation is the same as presented by Forrest [29], but Forrest uses the modified Bessel 

functions to solve differential equations of the shell and this leads to dispersion equation 

with complex values at some wavenumbers and angular frequencies. Gazis uses both the 

Bessel and the modified Bessel functions to solve the differential equations and this leads 

to dispersion equation with pure-real values. Both formulations are used by the author; 

Gazis’ formulation and Forrest’s formulation. Identical results are obtained (see Figure 

4.9). For Forrest’s formulation, the dispersion equation is calculated by taking the 

determinant of matrix [  (equation C.7). The dispersion equation is solved by using 

Newton-Raphson method. Details of this method are found in the next section. By 

comparing Figures 4.8 and 4.9, it can be seen that the dispersion curves are calculated with 

good accuracy using the thin shell formulation in the range of frequency of interest.  

]TT
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Figure 4.9: Dispersion curves of a free tunnel wall modelled as a thick shell. 
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Figure 4.10: Radial displacement FRF of the free tunnel wall at 0=θ  under a radial load. 
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(b) 

Figure 4.11: The response at the excitation point of a free tunnel wall modelled as a thin shell for radial 

input at x=0 with n=2; (a) displacement and (b) phase.   
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Figure 4.10 shows the radial FRF of a thin shell calculated for a radial load e  

applied at 

)( xti ξω +

0=θ , where the response is measured at the excitation line. It can be seen that 

peaks occur at the dispersion curves as shown in Figure 4.8 with no torsional waves 

propagating for n=0 as shown in Figure 4.8. This is because torsional waves are not 

excited by radial loads.      

Figure 4.11.a shows the displacement at 0=x , 0=θ , for a radial harmonic load 

applied at  with circumferential distribution 0=x )2cos( θ . Damping is introduced to 

the shell by using a complex modulus of elasticity. This is done by replacing E  by  

in equation 4.53, where 

2E

)1(2 EiEE η+= , Eη  is the hysteretic loss factor and is taken to 

equal 5%. The discrete Fourier transform DFT [105] is used to transform results from 

the wavenumber domain to the space domain with m25dx 0.=  and . A peak 

occurs at 17.5 Hz corresponding to the cut-on frequency for n=2 in Figure 4.7.  

142=N
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(b) 

Figure 4.12: The response at 100m away from the excitation point of an isolated tunnel wall modelled as 

a thin shell for radial input with n=2; (a) displacement and (b) phase.   
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To examine the existence of propagating waves, the response is measured away 

from the excitation point with a distance sufficient to allow decaying of evanescent and 

leaky waves. In Figure 4.12.a, the displacement is measured at 100m away from the 

excitation point. It is clear that the response is small below the cut-on frequency. Figure 

4.12.b shows the phase measured at this point. The phase fluctuates around the zero 

value and less fluctuation is expected for results measured at further distance from the 

excitation point. This can be explained by calculating the rate of change of phase with 

respect to frequency, which can be expressed as 

 

                                            
phc
L

df
Ld

df
d πλπϕ 2)/2( −

=−=                                           (4.58) 

 

where ϕ  is the phase of the measuring point, c  is the phase velocity, ph λ  is the 

wavenumber and  is the distance between the excitation point and the measuring 

point. Equation 4.58 is true providing that at the excitation point the rate of change of 

the phase is small and the propagating wave is dominating the response.  Applying this 

equation for instance for n=2, L=100m, f=102Hz and c = 1300.15m/s from Figure 4.7, 

results in a rate of change of the phase equal to –0.483rad/Hz which matches with the 

results calculated from Figure 4.12.b.    

L

ph

Figure 4.13 (a,b) shows the tunnel radial displacement along its length. At frequency 

below the cut-on frequency where the response is dominated by the leaky waves, see 

also Figure 4.7 (for n=2), the curve has minima at 20.4, 48.25, 76 and 103.6 m, and 

hence with approximately 27.7m periodicity. These are due to interference between 

leaky waves. For a displacement described by two leaky waves with complex 

wavenumbers 111 ηγξ i+=  and 222 ηγξ i+= , the response can be written as y

            

                                                                                      (4.59) xiixii ececy )(
2

)(
1

2211 ηγηγ ++ +=

 

where  and  are the coefficients associated with each wave and can be complex 

quantities. Equation 4.59 can be written in different form as 

1c 2c
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where 1φ  and 2φ  are the phase of c  and  respectively. Equation 4.60 can be written 

as 

1 2c
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Multiplying by the conjugate and simplifying results in 
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Figure 4.13: The isolated shell response along the shell with 0=θ  for a radial harmonic load applied at 

x=0 with n=2 and excitation frequency; (a) 10Hz and (b) 100Hz. 
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The oscillation in the previous equation arises from the cosine term with a period 

equal to 2 )/( 21 γγπ − . From Figure 4.7 and for n=2, there are 4 leaky waves at 

 with wavenumbers Hzf 10= ± 0.113+0.133i, ± 1.375+1.678i. Leaky waves with 

wavenumbers 0.113+0.133i are dominating the response away from the load as those 

with wavenumbers 1.375+1.678i have higher decaying factors (due to the higher 

imaginary parts). Substituting 

±

±

1γ =0.113 and 2γ = – 0.113, the oscillation period is 

27.8m which agrees with the results in Figure 4.13.a.     

The response at a frequency below the cut-on frequency decays rapidly compared with a 

frequency above the cut-on frequency. This can be confirmed by comparing Figure 

4.13.a and 4.13.b, and also by comparing Figure 4.14.a and 4.14.b, which show the real 

part of the response at frequencies of 10Hz and 100Hz, i.e. below and above the cut-on 

frequency. The wavelength in Figure 4.14.b is 10.58m; equal to wavenumber 0.59 

rad/m which matches with the propagating wavenumber for f=100Hz, n=2 in Figure 4.7.  
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Figure 4.14: The real part of the isolated shell response along the shell with 0=θ  for a radial harmonic 

load applied at x=0 with n=2 and excitation frequency; (a) 10Hz and (b) 100Hz. 



CHAPTER 4: MODELLING RAILWAY TRACKS IN TUNNELS 113

The surrounding soil modelled as a thick shell 

 

The free-vibration equation of a full-space with a cylindrical cavity is calculated by the 

following equation 

 

                                                                 [ )1,3(] Z=⋅ BTm                                                   (4.63) 

 

where  is a 3  vector with zero elements, T)1,3(Z 1× 1mm T=   for the first loading 

combination and T  for the second loading combination, see equation C.11. The 

elements of  are given in Appendix C, while the elements of  are derived by 

Forrest and can be calculated from the following relationship (see equation C.9) 

2mm T=

2mT 1mT
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Using the same argument which leads to equation 4.56, one can prove that 

21 mm TT −= . Equating these determinants to zero, both matrices lead to the same 

dispersion equation.  Two main characteristics are associated with the current problem: 

 

• the dispersion equation is not in polynomial form but it comprises of the modified 

Bessel function of the second kind and hence a different numerical method should 

be used to calculate the roots;  

• Unlike the floating slab track in Chapter 3 and the thin shell in the previous section, 

the forced vibration solution does not consists only of the normal wave solutions 

(propagating, evanescent and leaky waves), but additional solutions arise due to the 

integration along the branch cuts. Note that due to the terms 2
1

22 / cωξα −=  and 

2
2

22 / cωξβ −=  in equation C.8, branch points occur at cξξ ±=  and sξξ ±= , 

where 1/ cc ωξ =  is the wavenumber of the compression wave and 2/ cs ωξ =  is the 

wavenumber of the shear wave, see Appendix C.  
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In this section, only the real solutions of the dispersion equation are searched. 

Newton-Raphson method [92] is used to find the roots of the dispersion equation. At a 

given frequency and cross-sectional wavenumber n, the iterative formula for Newton-

Raphson reads  

 

                                                ∆+=+ jj ξξ 1  with )(/)( jj DD ξξ ′−=∆                            (4.65) 

 

where )( jD ξ  is the dispersion equation calculated at jξ  and )( jD ξ′  is the derivative of 

the dispersion equation evaluated at jξ . The iteration in equation 4.65 converges if the 

starting guess 1ξ  lies near a root.  The derivative is calculated using the following 

relationship [120]  
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where  are the columns of matrix  and  is a column vector 

which contains the first derivative of the elements of . The advantage of equation 

4.66 is that only closed-form expressions are required for derivatives of individual 

elements rather than calculating a closed-form expression of the determinant and then 

differentiating term by term.  

)3(),2(),1( mmm TTT mT

(mT

)( jmT&

)j

It is found that at a given frequency, the dispersion equation satisfies 

)()( ξξ mm TT =−  and ∗∗ = )()( ξξ mm TT .  Hence if ξ  is a root, then ξ−  and  are 

also roots. Thus for real roots, only positive values are searched.  

∗ξ

A Matlab [75] code is written to calculate the real positive roots of the dispersion 

equation. To decrease the running time, the use of “for loops” is minimised. At a given 

frequency, a vector of M  values of ξ  is used; each element represents a starting point. 

Two Matlab functions are coded to calculate the dispersion equation and its derivative, 

which result into two vectors with M elements. Instead of calculating a  matrix for 

each point of the vector and then calculating the determinant, the vector is processed at 

33×
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once. The dispersion-equation-function calculates 9 vectors (each with M elements) 

corresponding to the elements of T , and the determinant is calculated at once using a 

closed-form expression for the determinant of a 3

m

3×  matrix. Similarly, the dispersion-

equation-derivative function calculates additional 9 vectors corresponding to the 

elements of the matrix derivative in equation 4.66. After some iterations, the elements 

of the vector from the last iteration are compared with those from the iteration before. 

Those elements which have converged are taken as solutions of the dispersion equation.   
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Figure 4.15: Dispersion curves of an infinite domain with a cylindrical cavity. 

 

 

Figure 4.15 shows the dispersion curves of the soil with a cylindrical cavity for the 

parameters given in Table 4.1. In the frequency range of interest, waves with cross-

sectional wavenumbers  from 0-5 can propagate freely with phase velocities in the 

range between the shear wave velocity and the Rayleigh wave velocity. For each cross-

sectional wavenumber , waves have cut-on frequencies at velocity equal to the shear 

wave velocity. By increasing the frequencies, the phase velocity of the propagating 

waves decreases and approaches the Rayleigh wave velocity. This is expected, because 

n

n
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the wavelength of the propagating wave at high frequency is small compared to the 

cavity diameter. Hence, the cavity behaves as a free-surface equivalent to the free 

surface of a half-space. Figure 4.16 shows the phase velocities of the propagating 

waves. The Rayleigh wave velocity is calculated by [38] 

 

                                             )1/()12.187.0(23 νν ++= cc .                                       (4.67) 
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Figure 4.16: The phase velocity for the dispersion curves of an infinite domain with a cylindrical cavity. 
 

 

It can be seen from Figure 4.16 that there is a cut-on frequency for each cross-

sectional wavenumber. The cut-on frequencies are given in Table 4.2. The results given 

in this section are compared with the results of Bostrom and Burden [9].  They present a 

study on propagation of surface waves along a cylindrical cavity. They calculate the 

displacement in terms of the transverse (SH and SV) and compression components. The 

dispersion equation is derived in a closed form. Using the limiting forms of the 

modified Bessel functions, two simplified equations are presented to calculate the cut-
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on frequencies; an equation for 0=n  and another equation for n . These equations 

are used by the author to recalculate the cut-on frequencies using the soil parameters in 

Table 4.1. Identical results are obtained for 

2≥

4,3,2,0=n . However, Bostrom and Burden 

claims that there is no cut-on frequency for 1=n , which does not agree with the result 

of this work. To check this, the dispersion equation derived by Bostrom and Burden is 

investigated for 1=n  and it is found that it has a cut-on frequency at the same value 

given in Table 4.2.  

 

 

 

n  nf  

0  Hz5.37  

1 Hz93.9  

2  Hz52.55  

3  Hz57.108  

4  Hz89.159  

 
Table 4.2: Cut-on frequencies of the soil model. 

 

 

 

 

Figure 4.17 shows the displacement FRF for 4=n

4

 calculated at the cavity surface. 

The sharp curve follows the dispersion curve for =n  in Figure 4.15 for frequencies 

from  down to the cut-on frequency. The peaks continue below the cut-on 

frequency until it gets to 

Hz200

0=ξ  at about Hzf 40= . Above the cut-on frequency, the 

sharp curve has infinite values that are attributed to zero values of the dispersion 

equation. However, peaks below the cut-on frequency have finite values and are 

attributed to maximal values of the FRF (for the forced vibration).  
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Figure 4.17: FRF of the soil model for n=4 measured at the cavity surface. 

 

 

The PiP model 

 

The dispersion equation of the PiP model is calculated by the following equation (see 

equation C.14) 

 

                                                      0][][ =+ == cc rr
t

c
rr

t

a

r
r

r
r

mmE TUA .                                 (4.68) 

 

As same as the dispersion equation of the thin shell model and the soil model, the 

dispersion equation of the PiP model is independent of the loading combination and this 

has been confirmed by comparing the dispersion equations resulting from both of the 

loading combinations.  

Newton-Raphson method is used again for this case to calculate the solutions of the 

dispersion equation. No real roots are found for the parameters given in Table 4.1 in the 
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frequency range of interest. This means that beside its importance in supporting the soil, 

the tunnel wall does not allow waves to propagate freely. 

 

 

 

0 1 2 3 4
−120

−100

−80

−60

−40

ξ [rad/m]

di
sp

la
ce

m
en

t [
dB

re
f m

m
/k

N
]

r=3m, H
WW

n=0
n=1

0 1 2 3 4
−120

−100

−80

−60

−40

ξ [rad/m]

di
sp

la
ce

m
en

t [
dB

re
f m

m
/k

N
]

r=10m, H
WW

n=0
n=1

0 1 2 3 4
−120

−100

−80

−60

−40

ξ [rad/m]

di
sp

la
ce

m
en

t [
dB

re
f m

m
/k

N
]

r=3m, H
VW

n=0
n=1

0 1 2 3 4
−120

−100

−80

−60

−40

ξ [rad/m]

di
sp

la
ce

m
en

t [
dB

re
f m

m
/k

N
]

r=10m, H
VW

n=0
n=1

Figure 4.18: FRF of the PiP model for n=0 and n=1 for a radial input on the inner surface of the tunnel. 

  is the radial displacement FRF (equivalent to WWH )/302,,(~ sradnru ×= πωξ ) due to a radial input 

while  is the tangential displacement FRF (equivalent to VWH )/302,,(~ sradnu ×= πωξθ ) due to a 

radial input. The tunnel-soil interface lies at r=3. 
 

 

Figures 4.18 and 4.19 show the PiP model response for a radial input and tangential 

input respectively for a frequency of 30Hz and for cross-sectional wavenumbers n=0,1. 

The results in Figure 4.18 are calculated using 0),,(~ =ωξnqx , 0),,(~ =ωξθ nq  and 

1),,(~ =ωξnqr , and the formulation for the first loading combination. The results in 

Figure 4.19 are calculated using equation 4.47 and 4.48, substituting 0),,(~ =ωξnqx , 

1),,(~ =ωξθ nq  and 0),,(~ =ωξnqr , and the formulation for the second loading 
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combination (see Appendix C). Near and at the tunnel-soil interface, the response is 

distributed over a wide range of wavenumbers, while away from the tunnel the response 

is confined to a narrow band of wavenumbers. For n=0, the PiP model has no tangential 

response for the radial input and vice versa, i.e. 0== VWWV HH

VWH

.  Note also that 

because of reciprocity [93], the relationship WVH =  holds for any value of n at the 

tunnel-soil interface  (compare  for r=3m in Figures 4.18.c with  for r=3m in 

4.19.c).  

VWH WVH

30rad
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Figure 4.19: FRF of the PiP model for n=0 and n=1 for a tangential input on the inner surface of the 

tunnel.   is the radial displacement FRF (equivalent to WVH )/2,,(~ snur ×= πωξ ) due to a 

tangential input while  is the tangential displacement FRF (equivalent to VVH

)/30,( 2,~ sradnu ×= πωξθ ) due to a tangential input. The tunnel-soil interface lies at r=3.  

 

The wave propagation study in this chapter has addressed the PiP model so far. In 

the next section, the dispersion equations of tracks on rigid foundations will be 
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investigated. When the stiffness of track's support, i.e. the slab bearings, is much 

smaller that the stiffness of the PiP model, it is possible to calculate the forces generated 

on the tunnel wall due to any loading on the rails from a model of a track coupled to a 

rigid tunnel wall, i.e. a track on rigid foundation. These forces can then be used as input 

to the PiP model as formulated in Appendix C to calculate the vibration levels around 

the tunnel. Such a procedure may be accurate but it will not be used in this dissertation, 

as the direct formulation in Section 4.1 does not take long time to be performed. 

However attention should be drawn to the importance of dispersion curves of a track on 

rigid foundation, in which force magnification happens. This will be discussed in the 

next section.   

 

4.4.2 Dispersion characteristics of the track 
 

Figure 4.20 shows a floating-slab track attached to a rigid foundation via two lines of 

support. The track has five degrees of freedom. The force-displacement relationship is 

calculated by the following equation 

 

                                                              F yK ~]~[~ =                                                        (4.69) 

 

where TFFFFF ]~,~,~,~,~[~
54321=F , Tyyyyy ]~,~,~,~,~[~

54321=y , 
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24~/1~ ωξ rrrr mEIHK −== , 24~/1~ ωξ svvv mEIHK −== , 24~/1~ ωξ shhh mEIHK −== , 

22~/1~ ωξγγ JGKHK −== , ψcos=c , ψsin=s hEI,  is the bending stiffness of the slab in 

the horizontal direction and all the other parameters are defined in Section 4.1. 

1y 2y

3y

4y
5y

ψ
Y

1F 2F

3F

4F
5F

ψ  

Y

(a) (b) 

 

Figure 4.20: Floating-slab track on rigid bed; (a) forces, (b) displacements. 
 

 

The stiffness matrix K~  in equation 4.69 is assembled using the direct stiffness 

method which is usually used to calculate stiffness matrices for structures under static 

loads [4]. For instance )2,3(~K  is calculated by applying a unit displacement at the 

second degree of freedom, fixing the other degrees of freedom and measuring the force 

at the third degree of freedom. Alternatively, the stiffness matrix can be calculated by 

using the formulation in Section 4.1.1 and setting the FRFs of the PiP model to zero.  

To calculate the dispersion equation, the determinant of K~  is set to zero. Again, 

only real roots are searched. The Matlab function “roots” is used to calculate the 

solutions. Figure 4.21 shows the dispersion curves of a 20 Hz floating-slab track for the 

frequency range 0-200 Hz and using the track parameters given in Table 4.1 with 

. Table 4.3 shows the cut-on frequencies of this track along with the propagating 

modes (the eigenvectors) at the cut-on frequencies. 

o15=ψ
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Figure 4.21: Dispersion curves of a floating-slab track on rigid bed. 

The modes from the first to the fifth are called: the horizontal-slab mode, the 

vertical-slab mode, the torsional-slab mode, the in-phase-rails mode and the out-of-

phase-rails mode respectively. The horizontal-slab mode has rails' displacements and 

rotational displacement of the slab, which vanish if 0=ψ .  

 

Mode 1 2 3 4 5 

Cut-on 

frequency Hz 

14.50 19.71 24.20 102.14 102.92 

1
~y  0.02 1.00 0.80 1.00 1.00 

2
~y       -0.02 1.00 -0.80 1.00 -1.00 

3
~y  0.00 0.96 0.00 -0.03 0.00 

4
~y  1.00 0.00 -0.11 0.00 0.00 

5
~y  0.27 0.00 1.00 0.00 -0.06 

 
Table 4.3: Cut-on frequencies and mode shapes for a track on rigid bed. 

 



CHAPTER 4: MODELLING RAILWAY TRACKS IN TUNNELS 124

Two cases are of significant importance and will be discussed more in Chapter 5. 

The first is when 21
~~ FF = . In this case only two modes can propagate; these are the 

second and the fourth modes. The second case is when 21
~~ FF −= . This time three modes 

can propagate; the first, the third and the fifth.        

Calculating the dispersion curves for the full track model (consisting of the track and 

the PiP model) is complicated. However, the dispersion curves of the track on a rigid 

bed are important and help identifying the peaks of the FRFs of the full track-tunnel-soil 

model.  

 

 

 

Figure 4.22: 2
~P 1 calculated by the full track model and the rigid-bed model for a loading ~

1 =F 0, ~
2 =F , 

for different excitation frequencies and different slabs. (a) f=20Hz, fn=20Hz (b) f =60Hz, fn =20Hz (c) 

f=120Hz, fn =20Hz (d) f =120Hz, fn =∞Hz. 
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Figure 4.22 shows the normal force of the left slab bearing calculated by the full 

track model as described in Section 4.1.1 (Figure 4.2) and by the rigid-bed model as 

calculated by equation 4.69 (Figure 4.20). The results are for applied forces 1~
1 =F  and 

0~
2 =F  with  and ℜ . Figures 4.22 (a, b and c) are calculated for a 20Hz slab 

with excitation frequencies 20, 60 and 120Hz respectively, while a directly-fixed slab 

( ∞  Hz) with 120Hz excitation frequency is used to produce the results in Figure 4.22.d.   

o15=ψ 5.0=

 

 

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
−130

−120

−110

−100

−90

−80

−70

−60

−50

ξ [rad/m]

W
. m

ag
. [

dB
 re

f m
m

/k
N

]

r=10m, θ=120o, f
n
=20Hz

2 lines of support
3 lines of support
uniform support

Figure 4.23: The radial displacement calculated at r=10m and θ =120° for the track supported on: two 

lines of support, three lines of support and uniform support. The loads are 1~
1 =F , 0~

2 =F  with 120 Hz 

excitation frequency.  

 
 
It can be seen that the forces on the tunnel invert can be calculated approximately using 

the rigid-bed model. The accuracy of this approximation decreases at frequencies and 

wavenumbers on the track dispersion curves (Figure 4.22.a) and also decreases by 

increasing the stiffness of the slab bearings (Figure 4.22.d). Note that peaks occur at 

wavenumbers defined by the dispersion curves of the track on rigid-bed, this is 

confirmed by comparing the wavenumbers in which peaks occur in a, b and c with the 
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corresponding wavenumbers as plotted in Figure 4.21. These peaks appear in the 

displacement FRF of the soil as in Figure 4.23 which shows the soil displacement FRFs 

at angle θ =120 o  and 10m away from the tunnel centre for 1~
1 =F , 0~

2 =F , , 

, =20Hz and 60Hz excitation frequency. The number of collocation points for 

the uniform support is taken as M=10 which is found to be accurate for the current 

parameters. Note that some modes have little contribution to the response and hence no 

pronounced peaks are observed at their eigen frequencies. 

o15=ψ

5.0=ℜ nf

 

4.5 Computations of the soil displacement  
 

A Matlab code is written to calculate the soil displacement at any radius r and angle θ  

for any input load on the rails defined by 1
~F  and 2

~F . The code is summarised in the 

following paragraphs. 

For a range of frequency f , the ultimate task of the code is to calculate 

the soil displacement in the wavenumbers 

]200,...,2,1[=

]5.4,...,02.0,01.0,0[=ξ . The spacing and the 

maximum value of the frequency and wavenumber vectors may be changed according 

the required resolution and results accuracy. For instance, if the displacement results are 

to be calculated in the space domain, the Nyquist criterion plays an important role in 

determining the values of the maximum and interval of the wavenumber vector.  The 

code is divided into the following four subroutines and functions.  

 

1. Calculations of matrix  B

The purpose of this subroutine is to calculate and save the soil vectors of coefficients 

 for the first loading combination and B  for the second loading combination (see 

Appendix C), for frequencies and wavenumbers as defined by f  and ξ  above. For a 

given frequency, 22 vectors (each of 3

1B 2

1×  elements) are saved for each wavenumber ξ  

and cross-sectional wavenumbers . Each vector gives B  or B  for values of  from 

0-10 and for the PiP model parameters in Table 4.1. This means that for each frequency 

a total number of  vectors are saved by this subroutine, where  is the total 

number of wavenumbers. It should be noted that this subroutine would not be run again 

n 1 2 n

Λ×22 Λ
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unless new parameters of the PiP model, i.e. the tunnel or the soil parameters, are to be 

considered.    

 

2. Displacement FRF function of the PiP model 

This function takes the form ),,,,( jjiirfH PiP θ  and calculates the radial, tangential or 

longitudinal displacement FRF of the PiP model for a radial or tangential input load 

applied on the tunnel invert. The inputs to this function are the frequency , the 

measuring point radius r, the measuring point angle 

f

θ , and two indices  and . The 

index  determines the direction of the input; 3 if radial and 2 if tangential. The index 

 determines the output direction; 3 if radial, 2 if tangential and 1 if longitudinal. For 

instance to calculate 

ii jj

ii

jj

87
~

−H  in Section 4.1.1 (see Figure 4.2.d), use 2=ii  and . The 

output from this function is a 

3=jj

1×Λ  vector of the displacement calculated at the 

wavenumbers .  ξ

In this function, values of B  or B  are called depending on the input on the tunnel 

wall; whether radial or tangential, and the procedure described in Section 4.2.2 and 

Appendix C.4 is used to calculate the FRF at the required radius and angle. It should be 

noted that the FRF depends on the relative angle between the measuring point and the 

excitation point, i.e. if the load is applied at 

1 2

1θ  on the tunnel wall and the measuring 

point lies at 2θ , the angle ( 12 θθ − ) should be used as an input angle to this function.  

 

3. Forces on the tunnel wall from the full track model  

This function calculates the forces on the tunnel wall P~  using the formulations in 

Sections 4.1.1, 4.1.2 and 4.1.3 for the track supported on two lines, three lines and 

uniform support respectively. The Reciprocal theorem [93] is used and an advantage is 

taken of symmetrical and anti-symmetrical FRFs to speed up the running time. For 

instance, in equation 4.20 matrix 51
~H  can be alternatively calculated by the following 

relationship 
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4. The soil displacement 

Having calculated the normal and tangential forces on the tunnel wall, the soil 

displacement at the wavenumbers ξ  can be calculated by the following relationships: 

 

(a) for two lines of support:  

 

                    
21

21
~),2,,,(~~),2,,,(~

~),3,,,(~~),3,,,(~~

QjjrfHQjjrfH

PjjrfHPjjrfHu

PiPPiP

PiPPiP

⋅−+⋅++

⋅−+⋅+=

ψθψθ

ψθψθ
;               (4.71) 

 

(b) for three lines of support:  
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⋅++⋅+
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θψθ

;                     (4.72) 

 

(c) for uniform support:  

 

  u   (4.73) ∑∑
==

∆⋅−+∆⋅−=
M

j
tjjPiPj

M

j
tjjPiPj rQjjrfHcrPjjrfHc

11

~),2,,,(~~),3,,,(~~ θθθθθθ

 

where the value of  is 1,2 or 3 for the soil displacement in the longitudinal, tangential 

or the radial directions respectively.  

jj
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Conclusions 
 

In this chapter a formulation for a full model of a track in an underground railway 

tunnel is presented. The model comprises of a floating-slab track coupled via slab 

bearings to the PiP model which accounts for a tunnel wall and its surrounding soil. 

Special attention is given to the slab support, slabs are attached to the tunnel wall in one 

of three ways; via two lines, three lines or a uniform support. An important aspect of the 

uniform support is that it allows modelling of a directly-fixed slab by setting the support 

stiffness to infinity. 

Wave propagation in the PiP model and its separate components is investigated. The 

dispersion curves for a tunnel wall modelled as a thin shell are compared with a tunnel 

modelled as a thick shell and a good agreement is obtained in the frequency range 0-

200Hz. For the soil with a cylindrical cavity, waves propagate near the surface with 

velocities between the Rayleigh wave velocity and the shear wave velocity. At high 

frequencies, these waves behave as surface waves in a half-space. The results calculated 

for the soil are compared with published results in the context of wave propagation. 

 Waves can propagate in a free tunnel wall and in a full-space with a cylindrical 

cavity, but due to coupling there is no free wave propagation in the PiP model for the 

parameters of the tunnel and soil considered here.  

The dispersion curves of a floating-slab track on rigid foundation are also calculated. 

These curves have a great effect on the FRFs of the full track-tunnel-soil system. The 

generated forces on the tunnel exhibit peaks at wavenumbers and frequencies along 

these curves. A good knowledge of dispersion curves of the track helps in identify the 

effect of the track parameters on vibration from underground railways, as will be shown 

in Chapter 5.  



Chapter 5 

POWER FLOW FROM UNDERGROUND 

RAILWAY TUNNELS 
 

Introduction 
 

Rail roughness is an important source of the vibration generated at the wheel-rail 

interface. For a train moving with a constant velocity of 36 km/hr, a rail roughness with 

wavelengths in the range between 0.1-10 m is responsible for the vibration generated in 

the frequency range between 1-100 Hz.  

Existing models of underground railways use the displacement, velocity or 

acceleration power spectral density (PSD) calculated at some points in the track, the 

tunnel or the ground as measures of vibration, see [52] for example. The PSD should be 

calculated in different directions and at many points to show the vibration environment 

at and away from the tunnel.  

In this chapter, a different measure of vibration is used which is based on the mean 

power flow from the tunnel, paying particular attention to the part of the power which 

radiates upwards to places where buildings' foundations are expected to be found. This 

measure has many advantages over the conventional approach, for instance:  

 

• it provides a single measure of the vibration by calculating the power radiated 

upwards (the PSD at a single point is not representative for all places around the 

tunnel);  

 

• it accounts for vibration in the vertical, horizontal and longitudinal directions at 

once (the PSD must be computed for each direction separately); 

 

• the power-flow measure accounts for both the velocity and stress states around the 

tunnel. 
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This chapter is divided into five sections. Section 5.1 shows the calculation of the 

rail displacement for two different models of moving-trains on rails with in-phase 

roughness. Section 5.2 derives expressions for the stress and velocity at the soil and 

performs the power calculations. Typical results of the power flow for floating slabs 

with different natural frequencies are given in Section 5.3, and by means of a parametric 

survey Section 5.4 provides some insight into the effect of track properties on mean 

power flow. Finally calculations of power flow due to rails with out-of-phase roughness 

are presented to evaluate the effect of roughness phase-delay on the isolation 

performance.  

 

5.1 Rail displacement due to an infinite moving-train  
 

The power flow is calculated due to a train with infinite length, which moves along a 

tunnel with a constant forward velocity  on rails with some sinusoidal roughness. v

Two train models are used in this chapter and are shown in Figures 5.1 and 5.2. The 

first model comprises a set of single-degree-of-freedom moving axles, infinite in 

number and with fixed spacing . In the second model, a second mass and a spring-

damper system is used to account for a bogie and a primary suspension. In this context 

rails with in-phase roughness are assumed and the beam in Figure 5.1 and 5.2 represents 

both rails of the track. The derivation will be extended to rails with out-of-phase 

roughness in Section 5.5. 

L

 

 

λ

L
v v vvv    

-∞ ∞ 

 
Figure 5.1: A snapshot at time  for infinite number of axles moving over a rail with sinusoidal 

roughness of wavelength 

0=t

λ  and magnitude ∆ . Rail displacements are not shown.  
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λ

 v

∞ -∞ 

v vv  v  

L

Figure 5.2: A snapshot at time t  for infinite number of two degree-of-freedom systems moving over a 

rail with sinusoidal roughness of wavelength 

0=

λ  and magnitude ∆ . Rail displacements are not shown. 

 

 

Due to a given sinusoidal rail roughness of magnitude ∆  and wavelength λ , both of 

the train models apply dynamic forces on the rail, which are equivalent to a set of 

infinite number of harmonic loads G  as shown in Figure 5.3. The loads move with the 

same velocity  of the train and have the same excitation angular frequency v

)/2( λπϖ v=  with a phase difference )/( vLϖ  between successive loads. The value of 

 as will be shown later is the dynamic force at the wheel-rail interface for the two 

rails and its value depends on the train model, whether the first or the second. The total 

load on the rail can be written in the space-time domain as a summation of delta 

functions 

G

 

                               .                                    (5.1) ∑
∞

−∞=

−−⋅⋅=
k

vLikti kLvtxeeGtxF )(),( / δϖϖ

 

 

1−F2−F 2F1FoF

vv  v  v v  

∞ -∞ 

 

Figure 5.3: Infinite number of harmonic loads applied on the rail in the form . )/( vLikti
k eeGF ϖϖ⋅=
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This equation is transformed to the wavenumber-frequency domain using equations 

A.1 and A.2 to give 

 

                              .                           (5.2) ∑
∞

−∞=

− −+⋅⋅=
k

vLikkLi veeGF )(2),(~ / ϖξωδπωξ ϖξ

 

The displacement of the rail under this loading in the wavenumber-frequency 

domain ry~  is equal to the displacement FRF multiplied by the force. Hence 

 

                                       (5.3) ∑
∞

−∞=

− −+⋅⋅⋅=
k

vLikkLi
rr veeGHy )(),(~2),(~ )/( ϖξωδωξπωξ ϖξ

 

where ),(~ ωξrH  is the displacement FRF of the rail. It is calculated from the models 

described in Section 4.1, 4.2 or 4.3 by substituting 5.0~
1 =F , 5.0~

2 =F  and computing 

the value of 1
~y  or 2

~y . Transforming equation 5.3 to the wavenumber-time domain (see 

equation A.4) results in 

 

                         ∑
∞

−∞=

−−⋅⋅−=
k

vikLtvi
rr eeGvHty )/()(),(~),( ξϖξϖξϖξξ .                            (5.4) 

  

Equation 5.4 in its current form does not result in a closed-form expression once it is 

transformed to the space-time domain. Using equation A.8, the infinite sum of 

exponential functions is written in an equivalent sum of delta functions to give 

 

                 ∑
∞

−∞=

− ⋅
+−⋅⋅⋅−=

p

tvi
rr L

p
vL

GevHty )2(2),(~),( )( πϖξδπξϖξξ ξϖ .              (5.5) 

 

Transforming equation 5.5 to the space-time domain (see equation A.3) results in  

 

                                ∑
∞

−∞=
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p
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r HeG
L
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                                 (5.6) 
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where 
L
p

vp
πϖξ 2

−=  and 
L
pv

p
πω 2

= . 

 

For an observation point which moves along the rail with a velocity v , the rail 

displacement is merely a harmonic function with frequency equal to the excitation 

frequency ϖ  (substitute vtx −  = constant).  Equation 5.6 can also be written as a 

summation of separated time and space functions as 

 

                                 ∑
∞

−∞=

⋅=
p

tixippr
r

pp ee
L

H
Gtxy ωξωξ ),(~

),( .                                      (5.7) 

 

This important result expresses the displacement of the rail as a sum of infinite 

convecting waves. Each wave is described with its angular frequency pω  and a 

wavenumber pξ  which will be called the wavenumber deficit. 

The infinite sum in equation 5.7 can be approximated as a finite sum performed over the 

region with large ),(~ ωξrH  response. This is made clear in Figure 5.4 where the 

significant values of wavenumber deficit pξ  are those that map onto regions of high 

),(~ ωξrH .  

1=p
2=p

ξ

ω

ϖ

High FRF values lie inside this 
range of wavenumbers 

)/( vϖ

 

Figure 5.4: Demonstration of the wavenumber region used in calculating equation 5.6. Points with p 

outside this region are not included in the summation where those included are shown with small filled 

circles. 
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The value of  which describes the dynamic load at the wheel-rail interface, 

depends on the train model used to perform the calculations. By considering the single-

degree-of-freedom model first, the roughness under the middle axle in Figure 5.1 can be 

written as a function of time in the form 

G

 

                                                       .                                                         (5.8) tiey ϖ⋅∆=∆

 

For this axle the induced force on the wheel-rail interface (see Figure 5.3) is 

calculated by 

 

                                                        .                                                         (5.9) tieGF ϖ⋅=0

 

The displacement of the rail under this axle can be calculated from equation 5.6 as 

 

                                         ti

p

ppr e
L

H
Gy ϖωξ

⋅= ∑
∞

−∞=

),(~

0 .                                            (5.10) 

 

The relationship between the dynamic force of the axle and the axle displacement is 

calculated from the axle equilibrium and given by 

 

                                         2
0

2

0
)(

dt
yyd

MF a
+

−= ∆                                                     (5.11) 

 

where  is the axle mass. Substituting ,  and  from equations 5.8, 5.10 and 

5.9 respectively in equation 5.11 results in 

aM ∆y 0y 0F
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−∞=

⋅Ψ+

∆⋅Ψ−
=

p
pprHL ),(~)/(1 ωξ

G  with .                     (5.12) 2ϖaM−=Ψ

 

This relationship calculates the value of G  for the first train model. Note that  is 

the force-displacement transfer function for an axle. Similarly, the value of G  for the 

Ψ
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second train model in Figure 5.2 can be calculated by using the force-displacement 

transfer function calculated by solving the equations of motion of the two-degree-of-

freedom system with an unsprung mass , sprung mass  and a stiffness-damping 

system of a stiffness  and a viscous damping factor c . The transfer function is given 

by 

aM bM

uk u

)
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ϖ2ϖ

uu

b
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⋅ p ,t G
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)(

(2

ϖ
ϖ

b

uu
a Mik

ick
M

−
+

−−=Ψ .                                   (5.13) 

 

 

5.2 Mean power flow calculations  
 

To calculate the power flow from an underground tunnel due to a moving train, it is 

important first to provide some expressions for the soil's velocity and stress around the 

tunnel. To calculate the displacement, the velocity or the stress at any point in the 

surrounding soil, the displacement FRF of the rail in equation 5.7 is replaced by the 

appropriate transfer function between the rails and the required position in the soil. For 

instance, using the coordinate system in Figure C.3, the radial displacement, velocity 

and stress at a point in the soil with coordinates ( ),θr  are calculated by 
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                       ∑
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and                 ∑
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p
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r
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),(

ωθτ
τ ωξ                                (5.16) 

 

where ru~ , rv~  and τ~  are the radial displacement, velocity and stress FRFs respectively 

of the soil at ( ),θr . They are calculated from the models described in Section 4.1, 4.2 or 

4.3 by substituting 5.0 , 5.0~
2 =F  and following the procedure in Section 4.5. The 
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relationship between the displacement and the velocity FRF is calculated by equating 

equation 5.15 to the derivative of equation 5.14 with respect to time to get 

 

 

                                           ),,,(~),,,(~
pprpppr ruirv ωξθωωξθ = .                             (5.17) 

 

To perform the power calculations, it should be noted that the soil response is a 

periodic function of time with periodicity . This period is used to calculate the 

mean power. For instance, the mean power flow per unit area from the radial stress 

component is calculated by the following relationship  

)/( vL
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This integration involves multiplying the real part of equation 5.15 by the real part 

of equation 5.16. Each of these real parts is made up of a sum of sinusoidal functions 

with a period of 

 

                                                     
p

vL

p

/2
==

ω
T π .                                                     (5.19) 

 

To perform the integration in equation 5.18, a single term from the velocity 

expression in equation 5.15 should be taken and multiplied by all terms of the stress 

expression in equation 5.16 and perform the integration. Then take the next velocity 

term and repeat the process. The following relationship is useful to perform the 

integrations 
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where n and m are integers, , ot 1φ , 2φ  are arbitrary. 

Applying equation 5.20 on the integration in equation 5.18, the non-zero terms in the 

integration are those which involve the multiplication of sinusoidal functions with the 

same periods. Hence equation 5.18 can be written as 
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where pv~  and pτ~  are the amplitudes of the velocity and stress waves respectively and 

are calculated by 
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Equation 5.22 can be simplified further to 
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where the subscripts R and I are used to express the real and the imaginary parts 

respectively. 

Using equation 5.21, the integration of the first two terms in the right hand side is 

zero and hence 
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or  
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where (∗) denotes the conjugate of the complex quantity. The significance of this result 

is its independence of the longitudinal coordinate x . This confines the problem to the 

two-dimensional plane perpendicular to the longitudinal direction. 

As mentioned in Section 5.1, the infinite sum in (5.27) can be approximated as a 

finite sum performed over the region with large FRFs.  

The power radiated through a circular sector with radius r  and bounded by the two 

angles 1θ  and 2θ  can be calculated from the following expressions 
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The three components in this expression take account of the power contributions 

from the longitudinal, tangential and radial stresses respectively. 

 

5.3 Results for rails with in-phase roughness  
 

Typical results for mean power flow from an underground tunnel are presented in this 

section. The parameter values used for the track, tunnel and soil are given in Table 4.1.  

Figure 5.5(a, b) shows the magnitude of the radial and tangential velocity FRFs at 

r =10m and θ =120° for a 20Hz floating-slab on uniform support with . The 

FRFs are calculated using the track model in Section 4.1.3 with 

o35=ψ

5.0~
1 =F  and 5.0~

2 =F . 

Only positive frequencies are plotted for no damping in both the track and the PiP 

models. Note that the significant FRF values lie at wavenumbers close to zero and the 

zero frequency has no contribution to the response even for low excitation angular 

frequencies ϖ  (see equation 5.17).   

The two distinct white curves in Figure 5.5 (a, b) correspond to the track dispersion 

curves in bending (see also Figure 3.7). In Section 3.2, the dispersion curves are 
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presented for a double beam model which accounts only for the bending behaviour of 

the track and hence is equivalent to the results presented here. There are two cut-on 

frequencies which occur at 20Hz and 102Hz. These correspond to the slab resonance 

and the rail resonance respectively. 

  

(b) (a) 

 
Figure 5.5: The radial and tangential velocity FRFs (dB ref m/s/N) at r =10m and θ =120° (a) radial 

velocity FRF, (b) tangential velocity FRF. The results are for a unit input at the rail where the slab has a 

natural frequency =20 Hz and is supported uniformly with , (No damping is considered). The 

four parallel dotted lines give 

nf o35=ψ

),,120,10(~
pprv ωξo  and ),,120,10(~

pωo
pξvθ in equation (5.28) for 

velocity and excitation frequencies hr/kmv 40= f =100,120,140 and 160Hz.  

 
 Figure 5.6 shows the longitudinal, tangential and radial mean power flow calculated 

at r =10m and integrated over a full circle enclosing the tunnel. The curves are 

calculated for a 20Hz floating-slab on uniform support with  and for a train 

modelled as unsprung axles with =1000kg, =20m and moving with velocity 

=40km/hr over a roughness with a unit magnitude 

o35=ψ

aM L

v 1=∆ . The results are calculated at 

every 1Hz (from 1-200Hz) by averaging the results within 1Hz band (0.5Hz on either 

side). In each band the results are calculated for every 0.1Hz increment. Averaging is 

used to smooth curves which fluctuate more severely otherwise. This is on account of 
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discrete sampling of the FRFs (see Figures 5.4 and 5.5). Fluctuations are attributed to 

the high levels of the FRFs at points along the dispersion curves. At a given excitation 

frequency, some values of ),( pp ωξ  lie on or near the track’s dispersion curves, which 

leads to a peak in the calculated velocity and stress. At another frequency, none of the 

values of ),( pp ωξ  lie on or near the track’s dispersion curves, which leads to a trough. 

Introducing some damping in the track leads to more curve smoothing. This is because 

damping attenuates the high levels of FRF at dispersion curves of the track. However 

damping is not introduced in the track in Figures 5.5-5.8 which are presented to verify 

the power calculations. 
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Figure 5.6: The longitudinal , tangential  
a circle enclosing the tunnel with radius 

uP vP
r =10

moving with velocity 40km/hr over a 20Hz fl
damping is included).  

 

 

It can be seen from Figure 5.6 that 

the power flow at frequencies above 10

less effect for frequencies below 100Hz
equencyf [Hz
and radial  components of the power flow calculated at wP
 m. The results are for train modelled as unsprung-axles 
oating-slab track supported uniformly with  (No o35=ψ

all components have significant contribution to 

0Hz. However, the longitudinal component has 

.  
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The power flow method provides an effective tool for checking the PiP model 

calculations presented in Chapter 4 and Appendix C. The mean power calculated for all 

closed boundaries enclosing the tunnel wall must be identical if there are no internal 

sources of power in the soil and no losses for the case of zero soil damping. When no 

damping is considered for both the track and the PiP model, the mean input-power on 

the rails should equal the mean output-power radiated from any boundaries enclosing 

the tunnel. This is confirmed in Figure 5.7 which shows the mean output-power 

calculated by summing the power components in Figure 5.6 and the mean power input 

on the rails.  
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Figure 5.7: Verifying that the input power on the

the tunnel. The output power is calculated by sum

 

 

The mean power flow at any point

product of the force (equation 5.1) and th

follows 
quency f [Hz]
 rails is equal to the output power from a circle enclosing 

ming the power components in Figure 5.6.  

 x in the rail is calculated by integrating the 

e rail velocity (calculated from equation 5.7) as 
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where ),(~
pprV ωξ  is the rail velocity FRF at ( ), pp ωξ  and is calculated from the 

displacement FRF ),(~
pprH ωξ  using the following relationship      
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Rearranging the integration and the summation symbols in equation 5.29 results in 
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In the last expression, only a single delta function of the delta-functions train lies in 

the range . This is the one described by the integer value k  in 

which . By using equation A.7, the integration is zero everywhere except 

at  and hence reduces to 
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Substituting the values of pξ  and pω from equation 5.6 and simplifying 
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This result gives the mean input power at any point along the rail. This varies from 

point to point due to the sinusoidal profile of the roughness. The mean power along the 

rail  is calculated by averaging equation 5.31 along a single wavelength of the 

roughness 

rmP

)/2( ϖπλ v= , hence 
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Similar to the integration in equation 5.22, the current integration is evaluated by 

writing the exponential terms as summations of real and imaginary parts and then using 

equation 5.21 to evaluate the integrations. This results in 
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which is used to calculate the input power on the rails in Figure 5.7. 

Figure 5.8 shows another comparison, where the mean power flow at a circle 

enclosing the tunnel wall with radius r =10m due to a moving train modelled as 

unsprung axles is compared with the corresponding results from the two degree-of-

freedom model. The unsprung-axles results are those presented in Figure 5.7. The 

parameter values used for the two degree-of-freedom systems are an unsprung mass 

, sprung mass kgM a 1000= kgM b 3000=  and a stiffness-damping system of 

 and c . The suspension parameters are chosen to 

give a natural frequency of the sprung mass of 2 Hz and viscous damping factor of 0.5.  

mkNku /470= )s//(mkN55.73u =
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Figure 5.8: The power flow calculated at a circ

model (the first model) shown in Figure 5.1 an

shown in Figure 5.2. 

 

It can be seen that the unsprung-axles mo

frequencies, i.e. above 50Hz, the two m

suspension-system isolates the dynamic 

be observed around 42 Hz, at which the 

the response around the axle-track reso

unsprung-axles model will be used in th

track parameters on the mean power flow

 

 

5.4 Effect of track properties
 

The region of most interest for vibratio

tunnel since this is where foundation

downwards is generally of no interest ex
quencyf [Hz]
le enclosing the tunnel at 10m using the unsprung-axles 

d the two degree-of-freedom model (the second model) 

del is a good model for a moving train. At high 

odels give identical results. This is because the 

force of the sprung mass. Some difference can 

sprung mass acts as a tuned-mass that decreases 

nant frequency as will be discussed later. The 

e next section to illustrate the effect of various 

. 

 on power flow 

n in buildings is that part of the soil above the 

s of buildings are located. Power radiated 

cept perhaps in the case of rigid bedrock, which 
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is not considered here. Hence the mean power radiated upwards from the tunnel is 

calculated and for the best design of a track this value should be minimised. 

 

θ =180

θ θ

r
=270

Axle mass
=90

 
Figure 5.9: Power flow radiated upward calculated at distance r =10 m from the tunnel center due to 

infinite number of axles moving on the rails. The slab supports are not shown in the diagram.  

 

The power radiated upwards is evaluated using a semicircular boundary of radius r  

as shown in Figure 5.9. The parameter values of the track and PiP models are same as 

before (see Table 4.1) but hysteretic damping [17] is now introduced to the track by 

using complex stiffness for the railpads and the normal and shear slab-bearings, which 

are calculated at ( ), pp ωξ  in the form 

 

                                                  k )]sgn(1[2 prrr ik ωη+= , 

                                                  k )]sgn(1[2 psnn ik ωη+= ,                                        (5.36) 

and                                             )]sgn(1[2 psss ikk ωη+=  

 

where )sgn( pω  gives the sign of the angular frequency at p , i.e. equal –1 for negative 

angular frequencies and +1 for positive angular frequencies. Note that the response at 

zero frequency does not contribute to the power as discussed before (see equation 5.17). 

The structural damping is used by many authors in modelling of railway tracks under 

moving loads, see for example [101].  
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In the forthcoming results, the loss factors of the railpads and slab-bearings are 

rη =0.3 and sη =0.5 respectively.  These are the values used by Forrest [29]. For the PiP 

model, no damping is introduced to maintain a generic behaviour for the calculated 

results.  

The next step before investigating the effect of track parameters is to determine the 

radius r of the semicircle at which the mean power will be calculated. Figure 5.10 shows 

the mean power flow for a directly-fixed slab and a 20Hz floating slab uniformly 

supported with o35=ψ . The results are calculated for excitation frequencies 30Hz and 

100Hz. It can be seen that the mean power is effectively invariant for values of  

because there is no significant change of power flow across the horizontal part of the 

boundary. At semicircles near the tunnel wall, i.e. 

mr 10≥

mr 3≈ , it becomes necessary to 

account for power flow through the horizontal part of the boundary. 
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Figure 5.10: Distance effect on the mean power flow radiated upward and calculated along semicircles 

with  from the tunnel center for a directly-fixed slab and 20Hz floating slab of uniform 

support with . The results are for train velocity 40km/hr and a roughness of excitations: (a) 30Hz 

and (b) 100Hz. 

mrm 303 ≤≤
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Figure 5.11 shows the mean power flow for a directly-fixed, 40Hz, 20Hz and 5Hz 

slab with o35=ψ . The train parameters are = 1000kg,  = 40km/hr and =20m, 

where a sinusoidal rail roughness is used with unit magnitude . The most 

distinguishable peaks for all curves occur at 42 Hz. This frequency is the axle–track 

resonant frequency. The parameters which control this peak are discussed in Section 

5.4.1. Another peak occurs approximately at the cut-on frequency of the slab. For a 

40Hz floating-slab, this happens to coincide closely with the axle resonant frequency. 

aM v L

1=∆

In the following sections, the effects of changing parameters such as the unsprung 

mass, the bending stiffness of the rail and the slab, the stiffness of the railpads and the 

slab bearings and the distribution of slab bearings are studied.  
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Figure 5.11: Power flow radiated upwards for 

velocity 40km/hr. The slab is supported uniform
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5.4.1 Effect of the unsprung-axle mass (axle–track resonance) 
 

The axle–track system at resonance can be considered as a single-degree-of-freedom 

system with a mass equal to the axle mass plus the part of the rails which move up and 

down with the axle and a stiffness equal to the track stiffness underneath the axle. A 

closed form equation for calculating the resonance frequency is derived from the 

resonance of a mass coupled to a beam on Winkler foundation and can be written as       

 

                                         0
64

)( 8
4

32 =+− ϖϖ
b

a
fb EI

M
km                              (5.37) 

 

where  is the beam mass per unit length,  is the beam bending stiffness,  is the 

foundation stiffness and  is the coupled mass. One can prove equation 5.36 by using 

the displacement of a beam on an elastic foundation under a unit harmonic load with 

angular frequency 

bm bEI fk

aM

ϖ  applied at 0=x  and given by equation 5.37 which is calculated 

by [29] 

 

                 tixix

b
b eiee

EI
txy ϖαα

α
)(

4
1),( 3 +=  with 

b

fb

EI
km −

=
2

4 ϖ
α .             (5.38) 

 

The value of α  in equation 5.38 should be chosen to be with a negative real value if 

 is positive, while it should be chosen in the third quarter if  is negative. The 

direct method described in Appendix B can be used to derive equation 5.38. If a mass 

 is coupled to the beam at 

4α

aM

4α

0=x  and excited by a unit harmonic load with angular 

frequency ϖ , the mass displacement can be calculated by 

 

                                     ti

ab
M e

My
ty

a

ϖ

ϖ 2)0,0(/1
1)(

−
= .                                (5.39) 

 

From equation 5.39, a resonance occurs when 1 . Substituting for 

 from equation 5.38 and simplifying, results in equation 5.37. 

2)0,0(/ ϖab My =

)0,0(by
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Using the parameters of two rails from Table 4.1, the axle–track resonance occurs at 

42 Hz which matches with the results in Figure 5.11. Doubling the unsprung mass to 

=2000kg leads to the results in Figure 5.12 with an axle-track resonance at 31 Hz. 

The same value is again calculated by equation 5.36. 

aM
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Figure 5.12: The effect of doubling
 

                                 
5.4.2 Effect of slab bearings 
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principles, but they do not accurately model tracks in which wave propagation in the 

track and soil should be considered.  

To calculate the effect of using a vibration countermeasure such as a floating slab, the 

Power Flow Insertion Gain (PFIG) is used and defined by 

  

                                                   )(log10 10
before

after

P
P

PFIG =                                        (5.40) 

 

where  and  are the mean power radiated upwards before and after using the 

vibration countermeasure. A negative value of the PFIG means a power reduction, i.e. 

vibration isolation, while a positive value means a power magnification. The PFIG is 

used throughout the rest of this section to evaluate the effect of changing the track 

parameters and strictly speaking it calculates the change in the mean power rather than 

the instantaneous power. However it is conventional to be called power flow insertion 

gain PFIG rather than mean power insertion gain [109].  
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Figure 5.13: The power-flow insertio
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Figure 5.13 shows the PFIG by floating-slab tracks with frequencies 40 Hz, 20 Hz 

and 5 Hz respectively. These curves are calculated by equation 5.40 using the results 

presented in Figure 5.11. The performance of the floating-slab is good at frequencies 

well above the cut-on frequency of the slab, but it leads to vibration magnification at the 

cut-on frequency of the slab. 

 

5.4.3 Effect of stiffness of railpads  
 

Figure 5.14 shows the effect of changing the railpad stiffness from 20MN/m/m to 

2MN/m/m. In this case four tracks with the same railpads stiffness (20MN/m/m) but 

with different slab-bearings stiffness are used as a reference, i.e. . Only the 

railpads' stiffness for all tracks are changed to (2MN/m/m). Changing the stiffness of 

railpad leads to a change in the axle–track resonance (from 42Hz to 24Hz) and 

decreases the power radiation at high frequencies (above 70Hz) by an average of 14dB. 

The other peaks and troughs are attributed to the periodic-infinite structure behaviour 

which leads to passing bands and stopping bands [78].   
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Figure 5.15: Dispersion curves of a track on rigid foundation for bending case. (a) ∞ Hz slab. (b) 20 Hz 

slab. (c) Same parameters as used in (b) but with 1/10 bending stiffness of rail. (d) Same parameters as 

used in (b) but with 1/10 bending stiffness of slab.  

 

 

5.4.4 Effect of bending stiffness of the rails and slab 
 

Figure 5.15.a shows the dispersion curves for a track on rigid foundation with slab 

bearings of infinite stiffness. Only one mode can propagate along the rails with a cut-on 

frequency at 102 Hz. Two modes can propagate by using a 20 Hz floating slab; the slab 

mode and the in-phase-rails mode.  

According to equation 5.37, changing the bending stiffness of the rail affects the 

axle-track resonant frequency because it changes the track stiffness under the axle. 

Comparing Figures 5.15(b) and 5.15(c) reveals that another effect of decreasing the rail 

bending-stiffness is the broadening of the rail dispersion curve. The same effect can be 

seen for the slab dispersion curve by changing the slab bending-stiffness (compare 

Figure 5.15(d) with 5.15(b)). As shown in Chapter 4, the PiP model strongly attenuates 
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large wavenumbers and its FRFs are confined to small values of wavenumbers. The 

input-power at the tunnel wall can be decreased by broadening the dispersion curves of 

the track such that they lie away from the region magnified by the PiP model. This is 

confirmed by Figure 5.16 (a, b) which shows the PFIG by decreasing the bending 

stiffness of the rail and the slab respectively to the tenth of their original values.  
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5.4.5 Effect of distribution of slab
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than a uniform support. This is because the PiP model displacements are more 

constrained by the latter support.  

Figures 5.17.a and 5.17.b show examples of controlling the power radiated upwards 

by redistributing the supports. The slab bearings are discretely supported via three lines 

and two lines with  and the PFIG is calculated by using the uniform support 

with  as a reference. For a discretely supported slab, it is possible to control the 

angle 

o35=ψ

o35=ψ

ψ , such that one of Fourier components (the input-load components) around the 

tunnel becomes zero. However, this is a subject of further research.  
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Figure 5.17: Insertion gain due to changing the 

lines of supports. The slab bearings angle is con
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The calculation and saving of matrix  or  (see Appendix C) for a single 

frequency and for values of 

1B 2B

55 ≤≤− ξ  take about 0.0475 seconds. This means that for 

the range of frequency 0  and with spacing 0.1Hz, a total time of 190 

seconds is needed to save all values of B  and .  The rest of the calculation takes: 

0.53 seconds for two lines of support, 0.625 seconds for three lines of support and 3.672 

seconds for uniform support using 

Hzf 200≤≤

1

16

2B

=M  (see equation 4.34-4.38 and equation 4.73). 

These times are for a single excitation frequency and for all the four slabs used in this 

section, i.e. , 40, 20 and 5Hz. ∞

The codes are written in a way to avoid "for loops" as much as possible to speed up 

the running times of Matlab. The previous times include calculations of stress and 

displacements in the radial, horizontal and longitudinal directions on a semicircle above 

the tunnel with 10m radius and performing the numerical integration in equation 5.28. 

Using the running times given above, the results in Figure 5.11 are calculated in 2 

hours and 3 minutes (including  and  calculations). The same results for three 

lines and two lines of supports are calculated in 23.5 minutes and 21.9 minutes 

respectively.    

1B 2B

 

5.5 Rails with out-of-phase roughness 
 

The derivation for out-of-phase roughness is similar to the one for in-phase roughness in 

Section 5.1. Figure 5.18 shows the forces on the wheel-rail interface, where 180  phase 

difference is observed between forces on the two rails. The total force on the left rail 

 and the right rail  can be written as 

o

),( txFL ),( txFR

       

                                                              (5.41) ∑
∞

−∞=

−−⋅⋅=
k

vLikti
wL kLvtxeeGtxF )(),( / δϖϖ

and                         .                            (5.42) ∑
∞

−∞=

−−⋅⋅−=
k

vLikti
wR kLvtxeeGtxF )(),( / δϖϖ

 

where  is the wheel force at the wheel-rail interface. In Section 5.1, the force G  is 

used, which expresses the axle force, i.e. for two wheels. 

wG
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Figure 5.18: Schematic showing the loads on the wheel-rail interface due to out-of-phase sinusoidal 

roughness. 
 

 

Following the derivation in Section 5.1, the displacement of the left rail in the 

wavenumber-frequency domain is written as 

 

           (5.43) ∑
∞

−∞=

−− −+⋅⋅−⋅=
k

vkLikLi
LRLLwL veeHHGy )()],(~),(~[2),(~ / ϖξωδωξωξπωξ ϖξ

 

where  ),(~ ωξLLH  is the displacement FRF of the left rail and is equal to the value of 1
~y   

calculated from the full track model in Section 4.1 for 1~
1 =F  and 0~

2 =F . ),(~ ωξLRH  is 

the displacement FRF of the left rail and is equal to the value of 1
~y  in Section 4.1 for 

0~
1 =F  and 1~

2 =F − . Note that the sum )],(~),(~[  can be calculated 

directly by computing 

ωξωξLLH LRH−

1
~y  for 1~

1 =F  and 1~
2F −= .  

Similarly the displacement of the right rail in the wavenumber-frequency domain 

can be written as 

       .   (5.44) ∑
∞
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−− −+⋅⋅−⋅=
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The sum )],(~),(~[  is equal to ωξωξ RRRL HH − 2
~y  in Section 4.1 for 1~

1 =F  and 

1~
2 −=F . 

The wheel force can be calculated from the following equation (compare with 

equation 5.32)   
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Figure 5.19: The radial and tangential velocity FRFs (dB ref m/s/N) at r =10m and θ =120° (a) radial 
velocity FRF, (b) tangential velocity FRF. The results are for a 20 Hz floating-slab uniformly supported 
with  under the rails input-load o35=ψ 1~

1 =F  and 1~
2 −=F  and no damping is considered. The four 

parallel dotted lines give ), pp ωrv ξo  and ),,120,10(~
pωpv ξθ

o  for excitation frequencies 

f =100,120,140 and 160Hz. 

,120,10(~

 
 
 
 
To calculate the power flow from an underground tunnel for a moving train on rails 

with out-of-phase roughness, equation 5.28 is used again noting that all the FRFs such 
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as ),,,(~),,,,(~
pprxppx rrv ωξθτωξθ  are calculated for 1~

1 =F  and 1~
2 −=F  instead of 

5.0~
1F = 5.0 and ~

2 =F  which are used for rails with in-phase roughness. 

Figure 5.19 shows the radial and tangential velocity FRFs at 10m away from the 

tunnel centre with angle θ =120°, for a 20Hz floating-slab supported uniformly with 

 under the rail loads o35=ψ 1~
1 =F  and 1~

2 −=F . The two distinct white curves 

correspond to the track dispersion curves in torsion with cut-on frequencies occur at 

30Hz and 103Hz. These correspond to the slab-torsion mode and the out-of-phase-rails 

mode respectively. A close look at Figure 5.19.b shows that there is another mode with 

cut-on frequency at 15Hz. This corresponds to the slab-horizontal mode. However, this 

mode is much less significant due to the weak coupling between the torsion and the 

horizontal bending of the slab.   
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Figure 5.20 shows the mean power
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uniformly supported with . o35=ψ
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42Hz. However, the slab cut-on frequency is now higher than the slab vertical cut-on 

frequency and this affects the isolation performance at high frequencies. Figure 5.21 

shows the PFIG for the results in Figure 5.21. It can be seen that vibration isolation 

occurs at frequencies 118Hz, 73Hz and 11.4 Hz for 40 Hz, 20 Hz and 5 Hz floating 

slabs respectively (compare with the results in Figure 5.13 for rails with in-phase 

roughness). This indicates that the isolation performance can be strongly influenced by 

the delay of roughness phase.    
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Figure 5.21: The power-flow insertio
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tunnel direction) and hence reduces the 3D problem to a 2D one. The method 

incorporates the 3D track-tunnel-soil model developed in Chapter 4 to give a powerful 

computational tool for designing of tunnels and assessing the performance of vibration 

countermeasures. 

The power-flow insertion gain (PFIG) is used to understand the effects of track 

properties and vibration countermeasures on power flow. It is shown that the track 

dispersion curves are a key factor in understanding the isolation performance.  

The effects of unsprung mass, railpads, slab bearings, bending stiffness of rails and 

slab and the support distribution are studied for an in-phase roughness-excitation. The 

effect of out-of-phase roughness is also investigated and it shows a clear influence on 

the isolation performance.  

 



Chapter 6 

CONCLUSIONS AND FURTHER WORK 
 

 

This chapter summarises the conclusions reached from the work described in this 

dissertation and gives some recommendations for further work. 

 

6.1 Conclusions 
 

The main objectives of the work presented in this dissertation are to prosper a better 

understanding in the context of vibration from underground railways and to develop a 

computational tool which can be used in the design of tracks in tunnels and to assess the 

performance of vibration countermeasures. These objectives are addressed in Chapters 

3, 4 and 5.  

In Chapter 3, floating-slab tracks with continuous and discontinuous slabs are modelled. 

This is done to understand the effect of harmonic-moving loads on such tracks. The 

tunnel wall is modelled as a rigid foundation. For a track with a continuous slab, 

analysis of the dispersion curves is carried out to identify the track resonant frequencies 

and the critical load velocity. Power calculations are presented to verify the 

displacement results. For a train moving on such a track with a smooth rail-head, only 

quasi-static loads arise at the wheel-rail interface, which can be analysed using the 

static-load solution and this is valid for typical velocities of underground trains. 

For a track with a discontinuous slab, three different methods are presented. Two of 

these are exact and the third is approximate. The approximate method is based on the 

fact that the load velocity affects the phase of the track response rather than the 

magnitude for typical velocities of underground trains. A method is also presented to 

couple a moving train on a track with a discontinuous slab, where dynamic loads are 

generated at the wheel-rail interface due to slab discontinuity. 

A more comprehensive model of a railway track in an underground railway tunnel is 

presented in Chapter 4. The model is three-dimensional, analytical and accounts for the 
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essential dynamics of the track, tunnel and soil. It comprises a floating-slab track 

coupled to a tunnel wall which is embedded in an infinite homogenous soil (the pipe-in-

pipe model). The coupling is performed in the wavenumber-frequency domain. The 

waveguide solution is investigated for the different components of the model in order to 

provide a better understanding of the vibration due to general loads on the rails.       

In Chapter 5, a powerful computational tool for the design of tunnels and assessment of 

vibration countermeasures is developed. The tool incorporates the three-dimensional 

model of the track, tunnel and soil and calculates power flow due to an infinite train 

moving along the tunnel. The power-flow insertion gain (PFIG) is used to understand 

the effects of track properties on vibration from underground railways. The effects of 

unsprung mass, railpads, slab bearings, bending stiffness of rails and slab, support 

distribution and the roughness phase are studied. In the work presented in this 

dissertation, it is found that dispersion curves of the track play an important role in 

understanding the isolation performance of vibration countermeasures.  

 

6.2 Further work  
 

The models in Chapter 3 consider the effect of oscillating-moving loads on tracks with 

smooth rail-heads. It will be useful to account for rail roughness, particularly to evaluate 

the dynamic effect of slab discontinuity on underground moving trains. 

The tunnel and soil are modelled in this dissertation using the PiP model, where a thin 

shell formulation is used to account for the tunnel wall. Further verification of this 

model can be done by using the elastic continuum formulation to account for the tunnel 

wall.  

The power-flow method developed in Chapter 5 can be used to examine some 

innovative countermeasures, such as using a concentric layer around the tunnel to 

reduce the propagating vibration. There is also the effect of support distribution; the 

computational procedure described in Chapter 5 can be used to find the angle of 

distribution for the best vibration isolation.  

The power-flow results in this dissertation are presented for a roughness excitation with 

unit magnitude. It is more useful to weight these results with some real measured 

roughness to identify frequencies leading to high values of power. Having done this, the 
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effect of train velocity can be investigated. Note that the train velocity changes the 

spectrum of the rail roughness [29] as well as the power results due to a rail roughness 

with unit magnitude (see Figure 5.4).       

Power flow in this dissertation is based on the total mean power which is integrated 

along some semicircle above the tunnel. It will be useful to investigate the variation of 

power flow with angle along this semicircle. This is important especially if a specific 

sector of the semicircle or position in the soil is meant to be vibration-isolated.     

The PFIG presented in Chapter 5 shows that vibration magnification occurs at low 

frequencies around the cut-on frequency of the slab (Figure 5.13).  This does not usually 

happen in practice where countermeasures provide an isolation performance even at low 

excitation frequencies. A recent work by Hunt [51] has explained the reason for this 

low-frequency isolation. The rail roughness responsible for low excitation frequencies is 

associated with long wavelengths. This roughness is attributed to the uneven track-bed 

profile rather than the rail corrugation. By using a vibration countermeasure such as 

floating-slab track or softer railpads, the rail roughness undergoes a considerable 

reduction at low frequencies. This means that the rail roughness at low frequencies is 

decreased by using the vibration countermeasure and hence a negative value of the 

PFIG is observed. Note that in Chapter 5, the PFIG is calculated for a rail roughness 

with a unit magnitude before and after using the vibration countermeasure. The work of 

Hunt can be incorporated with the power-flow method to calculate more practical 

results for the PFIG.              

The PiP model in its current form does not account for a free surface. Some subtle 

techniques might be used to account for a free-surface using the PiP model. For 

example the stresses around the tunnel wall due to a moving train can be integrated and 

used as a line-load in a half-space model, see [111] for more details. Such a model can 

be used to evaluate the effect of reflection at the free surface on the PFIG. 
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Appendix A 

BASIC RELATIONSHIPS 
 

The purpose of this appendix is to provide a quick reference to some of the 

mathematical relationships which are used throughout this dissertation.  

 

1. To transform a function  from the space domain )(xf x  to the wavenumber domain 

ξ , see [105] for example                                              
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2. To transform the function )(ξF  back to the space domain  
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Equivalently to transform )(ωG  back to the time domain      
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3. Some general Fourier transform relationships 
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where )(ωG  is defined by equation A.2. 
  
4. Useful relationships for the delta function, see [83] 
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Appendix B 

WAVENUMBER-FREQUENCY DOMAIN ANALYSIS  
 

The purpose of this appendix is to demonstrate some basic concepts about wave 

propagation and coupling of structures in the wavenumber-frequency domain. This is done 

by analysing a model of a railway track, which comprises of two infinite Euler-Bernoulli 

beams on an elastic foundation. The model is used in Chapter 3 to account for a floating-

slab track with identical inputs on the two rails. Three methods are presented in this 

appendix: the direct method, the Fourier transformation method and the coupling in the 

wavenumber-frequency domain method. It is hoped that this appendix will form a good 

introduction for readers with little knowledge on the subject of wave propagation and/or 

the analysis in the wavenumber-frequency domain to help understand the contents of this 

dissertation.     

(b) 

tieF ϖ=
tieF ϖ= 2y 1y 1EI

2EI

1k

2kdx

∞-∞ 

(a) 
x

 
Figure B.1: A floating-slab track subjected to a harmonic load at x=0.  (a) Front view. (b) Side view at 
x=0.  
                                                                                                                                                 

 

B.1 The direct method 
 

This method treats the input force as a boundary condition for the problem. The model 

is shown in Figure B.1 with a concentrated harmonic load applied at x=0. The model is 

split into two semi-infinite structures (left and right of x=0). The input force is described 

for the right semi-infinite structure as a boundary condition on its left end. For the left 
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semi-infinite structure the input force is described as a boundary condition on its right 

end.  In this way, no forces are applied along the structures apart from at their ends. Due 

to symmetry, it is enough to analyse only the right semi-infinite structure. 

For a two degree-of-freedom element at distance x  and with length  (see Figure 

B.1.a), equations of motion of this element read  

dx
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where  is the bending stiffness of both of the rails,  is the bending stiffness of 

the floating slab, k  is the stiffness of the railpads per unit length,  is the stiffness of 

the slab bearings per unit length,  is mass of the rails per unit length,  is the mass 

of the floating slab per unit length,  is the upper beam displacement, i.e. the rails 

displacement, and  is the lower beam displacement, i.e. the slab displacement. 

Equations B.1 and B.2 can be written in matrix form as 
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where .  Tyy ],[ 21=y

Assuming the following wave form solution for y  
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Note that in the theory of differential equations, the solution B.4 is known as a 

homogeneous solution of the equations in B.3. This also forms a general solution, as the 

particular solution is equal to zero (due to the zero vector on the right hand side of 

equation B.3).  
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Substituting y  from equation B.4 in equation B.3 results in 
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Equation B.5 has two possible solutions: 
 

• a trivial solution, i.e. , where there are no displacements;  0=Y

• a non-trivial solution, for this case 0=A , i.e. the determinant of matrix  is equal 

to zero. 

A

 

The determinant of matrix , is a function of A ω , ξ  and the track parameters: , 

, , ,  and . The equation 

1EI

2EI 1m 2m 1k 2k 0=A  is known as the Dispersion equation. 

For prescribed track parameters, it is a function of ξ  and ω . It will be seen later that the 

angular frequency ω  must equal the excitation frequency ϖ , see Figure B.1. For a 

positive real value of ω , there are three different wave-type solutions according to the 

value of ξ  in equation B.4:  

 

1. propagating wave: this solution arises when ξ  is a real quantity. Positive real ξ  

results in a wave propagating to the left, while negative value results in a wave 

propagating to the right due to the factor  in equation B.4; )xξ( tie ω +

 

2. evanescent waves: this solution arises when ξ  is an imaginary quantity. Positive 

imaginary ξ  results in a decaying solution with distance x, while negative 

imaginary ξ  results in an increasing solution with x; 

 

3. leaky waves: this solution arises when ξ  is a complex quantity. The solution is 

propagating (oscillating) but with some decay/increase with distance. The sign of 

the real part of ξ  determines the wave direction while the sign of the imaginary part 

of ξ  determines whether the solution decays or increases with distance.     



APPENDIX B. WAVENUMBER-FREQUENCY DOMAIN ANALYSIS 177

For the current problem and for a given angular frequency ϖω = , the dispersion 

equation is a polynomial of the eighth order in ξ . The general displacements of the 

track can be written as 

 

                                 y .                            (B.6) tixixixi eececec ωξξξ )...( 821
882211 EEE +++=

 

The eigenvector  ( ) is calculated from the following relationship jE 8,...,2,1=j

                                                           

                                                          E )2(D=j                                                          (B.7) 

 

where  is the second column of the 2)2(D 2×  matrix  which is calculated by D

 

                                                  [ )(],, jsvd ADVS =                                                   (B.8) 

 

where the right hand side is the singular value decomposition of matrix  evaluated at 

the solution 

A

),( ωξ j , see [106] for more details. 

In Figure B.2.a, solutions of the dispersion equation are plotted at each frequency 

)2/( πω=f

1EI MPa

2m kg3500

 for the range of frequency 0-100 Hz, using the following track parameters: 

=10 ; =100 ; = ; =1430 ; 

=  and = . 

2.m

m/

1m

2

mkg /

mMN //50

1k mmMN //40 2EI 2.mMPa

k m

At low frequencies, it can be seen from Figure B.2.a, and B.2.b that there are no real 

solutions ξ  and hence the track displacements do not include propagating waves. For 

higher frequencies, (see Figure B.2.a and B.2.c), real solutions of ξ  appear. The 

frequency at which waves start to propagate is known as the cut-on frequency. This 

frequency is 18.75 Hz for the current parameters. 

The final step in this method is to find the coefficients  in equation B.6 

by using the boundary conditions.  

821 ,...,, ccc
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Figure B.2: (a) Roots of the dispersion equation of a floating-slab track on rigid foundation. (b) Cross-

sectional view of (a) at frequency below the cut-on frequency, where all solutions are complex quantities. 

(c) Cross-sectional view of (a) at frequency above the cut-on frequency, where four solutions are 

complex, two are real and two are imaginary quantities. The (×) sign shows a root position. 

 
 
 
For the right semi-infinite structure, i.e. for , any coefficient  associated with 

solutions increasing with x should be set to zero, as the displacement does not increase 

with distance away from the excitation point. Moreover, purely propagating waves 

should travel only to the right due to absence of sources at , and hence any 

0>x jc

0>x



APPENDIX B. WAVENUMBER-FREQUENCY DOMAIN ANALYSIS 179

coefficient associated with real ξ  should be set to zero. This means for x>0, only 

solutions associated with ξ  which lie in the first and the second quarter excluding the 

positive real axis are included in the displacement, which is applicable on four roots 

(see Figure B.1). A similar argument can be used for the left semi-infinite beams, where 

in this time only roots which lie in the third and the forth quarter excluding the negative 

real axis are included in the displacement. 

EI

EI

The remaining four coefficients in equation B.6 are determined by using the 

boundary conditions at x=0. There are four boundary conditions at x=0 due to symmetry 

and are expressed mathematically in equation B.9: the slope is zero for the upper and 

the lower beams and the shear force is equal to half of the applied force for the upper 

and the lower beam. Note that the shear force condition at x=0 for the upper beam is 

only satisfied if ϖω = .  

 

                                                          0),0(1 =
∂

=∂
x

txy ,                                            (B.9.a) 

                                                          0),0(2 =
∂

=∂
x

txy ,                                            (B.9.b) 

                                                      
2

),0(
3

1
3

1
F

x
txy

=
∂

=∂ ,                                      (B.9.c) 

and                                                0),0(
3

2
3

2 =
∂

=∂
x

txy .                                       (B.9.d) 

 
 

B.2 The Fourier transformation method 
 

Unlike the direct method, this method treats the load as a part of the differential 

equation rather than a boundary condition. In this method, the governing differential 

equations of the track are transformed to the wavenumber-frequency domain (ξ ,ω ). 

The transformed equations are then simplified and transformed back to the space-time 

domain ( x , ). For the model shown in Figure B.1, the governing differential equations 

(equivalent to equations B.1 and B.2) read 

t
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Equations A.1 and A.2 are used to transform equations B.10 and B.11 to the 

wavenumber-frequency domain. The transformed equations read 
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Equations B.12 and B.13 can be written in matrix form as 

 

                       (B.14) 






 −
=









−++−
−−+

0
)(2~

2
221

4
21

1
2

11
4

1 ϖωπδ
ωξ

ωξ
y

mkkEIk
kmkEI

 

where Tyy ]~,~[~
21=y . Note that the matrix on the left hand side is matrix  in equation 

B.5. The inverse of matrix  can be written as 
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Equation B.14 can be written as 
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Transforming equation B.16 firstly to the wavenumber-time domain using equation A.4 

results in 
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Now, equation B.17 is transformed to the space-time domain using equation A.3 
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It is sufficient for the purpose of demonstration to solve for  as can 

be found using the same method. From equation B.18,  can be written as 
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where )]/()[()(
@

2
221

4
2 ϖω

ϖξξ
=

−++= AmkkEIf . There are two methods for 

evaluating the integration in equation B.19. The first is by performing the integration 

directly on the real ξ  axis. This is difficult to undertake analytically and hence it can be 

calculated numerically using the IDFT, i.e. the inverse discrete Fourier transform. The 

other method is to use the results of contour integration from the theory of complex 

variables, see [119] for example. As shown in Figure B.3, the integration of the function 

 along the real axis from xiξef ξ ⋅)( −∞→aξ  to ∞→bξ , is equivalent to the closed-

path integration along the real axis from aξ  to bξ  plus the integration along the 

semicircle from bξ  to aξ , provided that the integration along the semicircle is zero.  

This integration along this closed path of integration is equal to the summation of 

residues evaluated at the poles of the function  i.e.  xiξ( ,ef ξ ⋅)
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where  is the residue of  at the pole ],)([ j
xiefR ξξ ξ⋅ xief ξξ ⋅)( jξ , pp

)(

 is the total 

number of poles enclosed by the contour. The poles of  are the singular points 

of the function and can be calculated by equating the denominator of 

xief ξξ ⋅)(

ξf  to zero, i.e. 
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The last equation is identical to the dispersion equation as calculated in the previous 

section (note in the previous section that ϖω = ). As mentioned before, this equation 

has eight solutions at any angular frequency ϖω =  and they are plotted in Figure B.2.  

The integration along the semicircle in Figure B.3 (substituting ) is θξ ieR ⋅=
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Figure B.3: The integration of the function along the real axis from xief ξξ )( −∞→aξ  to ∞→bξ  in (a) 

is equivalent to the integration along the real axis from aξ  to bξ  plus the semicircle from bξ  to aξ  in 

(b) or (c). The choice depends upon whether the integration along the semicircle is zero. 
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where ∏ , )...())()...()(( 81121 ξξξξξξξξξξ −−−−−= +− j
j

jjjjjj

821 ,...,, ξξξ  are the roots of dispersion equation at ϖω = , 

4321 ,,, ξξξξ  are the roots in the first and the second quadrants, 

 and 8765 ,,, ξξξξ  are the roots in the third and the fourth quadrants. 

The additional minus sign in equation B.23.b is to account for the clockwise 

direction of the contour around the poles, see Figure B.3.c. 

Note that the displacement in equations B.23.a and B.23.b comprises of the three 

wave-type solutions discussed before, i.e. propagating, evanescent and leaky waves. It 

can be proved that this solution is identical to the one calculated by the direct method in 

the previous section.  

For frequencies above the cut-on frequency some poles lie on the real axis and the 

integration path is modified to include or exclude the pole using the same physical 

argument used in the previous section. Figure B.5 shows the appropriate contour for 

 and  for the case in Figure B.2.c, i.e. for a frequency above the cut-on 

frequency. For instance, in Figure B.5.a the positive real value root is excluded by a 

small semicircle as it produces a propagating wave to the left due to the factor 

( e ) in equation B.23.a.   
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Figure B.5: The contour path for a frequency above the cut-on 

lie on the real axis: (a) for  and  (b) for 0≥x 0<x .  
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B.3 Coupling in the wavenumber-frequency domain 
 

The method of coupling in the wavenumber-frequency domain is demonstrated in this 

section by analysing the floating-slab track in Figure B.1. This section presents a good 

introduction to the theory which is used in Chapter 4 with a more complicated structure. 

The model in Figure B.1 is split into two structures. The first structure is the upper 

beam as shown in Figure B.6.b, which accounts for the rails. The second structure is a 

beam on elastic foundation as shown in Figure B.6.c, which accounts for the floating 

slab and the slab bearings. These two structures are coupled via railpads which are 

uniformly distributed longitudinally throughout the length.  
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2k

F

1G

F

2G 1G

2G  

(b) (c) (d) (a) 
 
Figure B.6: Coupling of structures in the wavenumber-frequency domain. (a) The coupled structure. (b) 

The first structure; a free beam. (c) The second structure; a beam on an elastic foundation. (d) The 

railpads which connect the two structures.  

 

 

An essential part of the analysis is to find the frequency response functions (FRFs) 

of the two structures separately in the wavenumber-frequency domain.  

The generalised differential equation for the first structure, i.e. a free Euler-Bernoulli 

beam is 
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where  is the vertical displacement of the free beam and  is the total force on the 

beam in the vertical direction.  

1z 1P

There are two methods for calculating the FRF of this structure: 

 

1. Transforming the differential equation to the wavenumber-frequency domain 

directly using equations A.1, A.2 and A.6, which results in 
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The displacement FRF of the free beam is defined as the vertical displacement of the 

free beam for a unit vertical load in the wavenumber-frequency domain. Applying this 

definition on equation B.25, results in  
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2. By using the following expressions for the displacement and force 
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Substituting these expressions of  and  in equation B.24, results in the 

displacement FRF of the free beam as in equation B.26.  

1z 1P

To explain why the two methods lead to the FRF, consider the force in equation 

B.25, i.e. 1
~P . This force is in the wavenumber-frequency domain and concentrated at 

specific wavenumber ξ  and angular frequency ω . It can be expressed as a function in 

the wavenumber-frequency domain ),( ωξ  as )()(~
1P ωωδξξδ −⋅−⋅ , where ),ωξ(  

are used in this context to express the wavenumber-frequency coordinates. 

Transforming this expression to the space-time domain, using equation A.3 and A.4 
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In the same way the transformation of the displacement in equation B.25 to the 

space-time domain gives 
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By multiplying the input and the output in equations B.28 and B.29 by , it can 

be seen that the FRF calculated by the second method is equivalent to the one calculated 

by the first method. 

2)2( π

For the second structure, i.e. a beam on elastic foundation, the generalised 

differential equation in the space-time domain reads  
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where  is the vertical displacement of the beam and  is the applied force on the 

beam in the vertical direction.  

2z 2P

To calculate the FRF of this structure, substitute )(
22

~ txiezz ωξ +=  and )(
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~ txiePP ωξ +=  

and rearrange to get 
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where 22
~H  is the FRF of the beam on elastic foundation in Figure B.6.c.  

It is possible now to couple the two structures. For the vertical equilibrium of forces 

in the space-time domain, one can write (see Figure B.6.d) 
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This equation is transformed to the wavenumber-frequency domain by substituting 
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The rest of the analysis is carried out directly in the wavenumber-frequency. The 

equations of motion are written for the two structures and the railpads as follow 
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Solving equations B.34, B.35 and B.36 for 1
~y  results in 

 

                                             
)~~(1

)~1(~
~

22111

22111
1 HHk

HkH
y

++
+

= .                                                (B.37) 

 

Substituting 11
~H  and 22

~H  from equations B.26 and B.31 and for a unit harmonic 

load applied at x=0 with angular frequency ϖ , i.e. )(2~ ϖωπδ −=F , the equation 

reduces to the value of 1
~y  as calculated by equation B.16.  



Appendix C 

THE PIPE-IN-PIPE (PiP) MODEL 
 

The PiP model is used in Chapters 4 and 5 to model a tunnel wall and the surrounding 

soil. A detailed derivation of the response of this model to a symmetrical loading 

combination is presented by Forrest [29]. This appendix contains a brief summary of the 

formulation for the second loading combination, i.e. for anti-symmetrical loads. This 

appendix is divided into four sections. In the first two sections, a free tunnel wall is 

modelled as a thin shell and as a thick shell respectively. In the third section, the soil is 

modelled as a full-space with a cylindrical cavity. Finally, the PiP model is constructed 

by coupling a thin shell tunnel wall with the surrounding continuum soil. 

 

C.1 Modelling the tunnel wall as a thin cylindrical shell 
 

(b) 

 

θ ar
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(c) 

Figure C.1: Coordinate system for the cylindrical thin shell theory, sh

an element in the shell, (b) the displacement sign convention and (c)

the applied surface stresses (this figure is reproduced from [29]).  
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The following form of the applied stresses and the resulting displacements are substituted 

in the governing differential equations of a thin shell: for the stresses   

      

                                             )(sin~ xti
xnx enq ξωθ +⋅⋅=q , 

                                             )(cos~ xti
n enq ξω
θθ θ +⋅⋅=q ,                                               (C.1) 

and                                       )(sin~ xti
rnr enqq ξωθ +⋅⋅= ; 

 

for the displacements 

 

                                              )(sin~ xti
xnx enu ξωθ +⋅⋅=u , 

                                              )(cos~ xti
n enu ξω
θθ θ +⋅⋅=u ,                                              (C.2)                      

and                                        )(sin~ xti
rnr enu ξωθ +⋅⋅=u . 

 

This leads to the following relationship between the amplitudes of the input-stresses and 

the output-displacements  
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Note that the loading combination in equation C.1 is the second loading combination 

which is anti-symmetrical around the shell. For the first loading combination, every cosine 

in equations C.2 and C.3 should be replaced by a sine and vice versa. In this case the 

resulting transfer matrix is , its elements are derived by Forrest [29] and given at the 

end of this section. In this dissertation the subscript 1 is used with transfer matrices of the 

first loading combination such as . The subscript 2 is used with transfer matrices of the 

second loading combination such as . Note that Forrest uses no subscripts at all as he 

only considers the first combination.  

1A

1A

2A

[ ] is a 3  matrix and its elements are calculated by 2A 3×
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where  is the mean radius of the shell, h is the shell thickness, E is the elastic modulus, ar

ρ  is the shell’s density, ν  is Poisson’s ratio and n is the cross-sectional wavenumber.  

The elements of  are calculated by [29] 1A
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C.2 Modelling the tunnel wall as a thick cylindrical shell 
 

Using the elastic continuum theory with a cylindrical geometry as shown in Figure C.2, 

two sets of equations can be written for the stress-displacement relationship at any 

radius r as follows 
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2U  is a  matrix,  is a  matrix and C  is a 663× 2T 66× 2 1×  coefficients vector. Note that 

the coefficients in equation C.5 are for the second loading combination, for instance urn
~  

results from the equation )(sin~ xt ξω +i
rn enu θ ⋅r u=  and rrnτ~  results from the equation 

)(sin~ xξti
rrn e ωθτ +⋅=rrτ n .  The sign convention for the displacements and stresses is shown 

in Figure C.2. 

uθ
ur

Figure C.2: Coordinate system used for the theory of an elastic continuum with cylindrical geometry, 

showing (a) the principle directions with their unit vectors for an element of a cylinder at radius r and angle 

θ , (b) the displacement sign convention and (c) the stress sign convention. To model the soil the radius r1 is 

set to rc, i.e. the cavity radius and the radius r2 is set to ∞. (the figure is reproduced from [29]).                                                     
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To model a free tunnel wall with inner radius  and outer radius  under anti-

symmetrical applied stresses with sinusoidal distribution around the tunnel, equation 

C.5 is modified to include only surface tractions; i.e. 

tr cr

rrnτ~ , nrθτ~ , and rznτ~ , so at any 

radius r   
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where  comprises of the first three rows of matrix T  in C.5. The vector of 

coefficients C  is calculated by solving the two equations which result from calculating 

the second equation of the pair C.6 at the inner and the outer radius of the tunnel, as 

follows 

2tT 2
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The elements of matrix  in equation C.5 are calculated by 2U

 

)()()1,1( 12 rIrI
r
n

nn ααα ++=U  

)()()2,1( 12 rKrK
r
n

nn ααα +−=U  

)()3,1( 12 rIi n βξ +−=U  

)()4,1( 12 rKi n βξ +−=U  

)()5,1(2 rI
r
n

n β−=U  
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)()6,1(2 rK
r
n

n β−=U  

)()1,2(2 rI
r
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n α=U  

)()2,2(2 rK
r
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n α=U  
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0)5,3(2 =U  

0)6,3(2 =U  

 

where r is the radius of the continuum where the displacements are evaluated. )(ηnI  

and )(ηnK  are the modified Bessel functions of the first kind and the second kind 

respectively with order n and argument η . The values of α  and β  are calculated from 

the following relationships 

 

                                   and                                   (C.8) 2222 / pcωξα −= 2222 / scωξβ −=

        

where 
ρ
µλ 2+

=pc  is the speed of compression waves, 
ρ
µ

=sc  is the speed of shear 

waves, λ  and µ  are Lame’s elastic constants, ρ  is the density, ν  is Poisson’s ratio and  

n is the cross-sectional wavenumber.  
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The elements of matrix  in equation C.4 are calculated by 2T
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The elements of  and  for the first loading combination can be calculated by 1U 1T
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C.3 Modelling the soil as a thick cylindrical shell 
 

For the second loading combination, equations C.6 can be modified to model a full soil 

space with a cylindrical cavity by setting the external radius to infinity. At the external 

radius, stresses and displacements should decay to zero. To satisfy this requirement all 

coefficients associated with the modified Bessel function of the first kind in equations 

C.6 should be set to zero, as the modified Bessel function of the first kind increases with 

increasing argument.  and T  matrices are arranged in order to give the 

longitudinal, tangential and radial displacements and stresses in the directions defined 

for the thin shell (see also Figure C.3). Equations C.6 are rewritten as 

2U 2t

 

                                     22 ][~ BUmu ⋅=n  and 22 ][~ BTτ m ⋅=n                                     (C.11) 

 

where  
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Figure C.3: The displacement and stress sign convention used for modelling the soil. (a) The 

displacements of infinitesimal cylindrical element. (b) The stresses on the inner surface of a cylindrical 

element. 
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Knowing the applied forces at the inner surface of the cavity, the second equation of 

the pair C.11 is used to calculate the vector of coefficients , where the radius of 

cavity  is used to calculate . Hence by substituting any radius r, the first pair 

of equation C.11 is used to find the displacement components in the soil. 

2B

crr = 2mT

 

C.4 Coupling the tunnel and the soil (the PiP model) 
 

The tunnel is modelled as a thin cylindrical shell and is coupled to the model in the 

previous section for the soil with a cylindrical cavity.  

The input stresses for the tunnel wall are the resultant of applied stresses at the inner 

surface and the induced stresses at the tunnel soil interface. Using equation C.3 for the 

tunnel 
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where nP~  is the applied stress at the inner surface of the tunnel and nτ~  is the induced 

stress at the tunnel soil interface. The values (  and  in the right hand side of 

the equation are used to evaluate the equivalent stresses at the middle surface of the shell 

from the original values at the tunnel wall and at the cavity wall respectively.   

)/ at rr )/( ac rr

For the soil model, using equation C.11 at the interface, i.e. crr =  

                                                

                                               22 ][~ BUmu ⋅= = crrn                                

and                                          22 ][~ BTτ m ⋅= = crrn .                                                        (C.13) 

 

Solving C.12 and C.13 to find the vector of coefficients B  2
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To calculate the soil displacement at radius r and angle θ  from the tunnel invert for a 

concentrated tangential load applied at the tunnel invert, equation C.14 is used with 
T]0,1,0[~ =nP  and  is evaluated for each n (up to enough value for convergence). Then 

the first pair of equation C.13 at radius r is used to calculate the Fourier series components 

of the displacement. Finally the soil displacement is calculated by 

2B
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where  is defined by equation 4.46 and  is maximum value of n included. Note that 

an alternative way is to substitute 

vnc maxn

vnc 0,, T]0[~ =nP  and perform the summation in equation 

C.15 without the coefficients . vnc

A different application of the elastic-continuum theory is presented in Appendix D, 

where it is used to calculate the full-space Green’s functions.   



Appendix D 

FULL-SPACE GREEN’S FUNCTIONS  
 

The elastic continuum theory in cylindrical coordinates is used in Chapter 4 and 

Appendix C to model a homogeneous infinite soil with a cylindrical cavity. The 

calculated expressions for the displacements and stresses are used here to evaluate 

Green's functions for a full space. The results are then compared with the fundamental 

solutions for a full space, i.e. Green’s functions for a full space, which are well known 

in the Boundary Element method.  

For a unit line load applied in a full-space with a wavenumber ξ  and an angular 

frequency ω  in the form 1 , the displacement at a line parallel to the line load 

and at distance r  with angles 

)( txie ωξ +⋅

(p ), 21 ϕϕ  as shown in Figure D.1 can be written as 

)(
2,,,( 1, )~ txi

prG ωξϕωξ +e⋅ϕ . The function ),,,,(~
21 ϕϕωξ prG  is called Green's function 

for a full space.  

 

 

1ϕ

2ϕ

)( txie ωξ +

pr

)(~ txieG ωξ +⋅

 

 

 

Figure D.1: Green's function for an elastic continuum. The displacement along a line in the space parallel 

to the applied line load is in the form )(
21 ),,,,(~ txi

p erG ωξϕϕωξ +⋅  where ),,,,(~
21 ϕϕωξ prG  is Green's 

function for a full-space.   
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(b)

θ

(a) 

)( txie ωξ +

1r

2r

Figure D.2: Decomposition of the line load: (a) into its Fourier components around a cylindrical surface 

with radius . (b) The load component with 1r 3=n , i.e. with distribution θ3cos , according to equation 

D.1.  The other cylindrical boundary  tends to infinity to model a full-space.  2r

 

 

The line load in the full space can be written in delta function form and then 

decomposed into its Fourier series components, see Figure D.2, around some virtual 

cylinder with radius  as 1r

            

                                      )(

0

)(
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)cos()( txi

n
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txi enae
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ωξωξ θθδ +
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+ ⋅= ∑                                    (D.1)  

 

where 
1

0 2
1
r

a
π

= , 
1

1
r

an π
=  for , and 1≥n θ  is measured as shown in Figure D.2.b. 

To calculate the full-space displacement at some line parallel to the line load using 

the elastic continuum theory, the displacement is calculated first for a stress in the form 

 applied radially on the full-space along the virtual cylinder with radius 

. This displacement is then multiplied by the factor a  in equation D.1 and the total 

displacement due to the line load is calculated by summing the displacements for values 

of n  up to some number which is enough for convergence.  

)(cos txien ωξθ +⋅

1r n

To calculate the displacement for a stress in the form  applied 

radially to the virtual cylinder with radius , the full-space is divided into a cylinder 

)(cos txien ωξθ +⋅

1r

 



APPENDIX D. FULL-SPACE GREEN'S FUNCTIONS  
 

203

with radius r  and an infinite domain with a cylindrical cavity as shown in Figure D.3. 

The applied stress can be written in its longitudinal, tangential and radial components as 

1








=

 

                 with )(~

cos00
0sin0
00cos

txi
n e

n
n

n
ωξ

θ
θ

θ
+⋅








ττ T

n ]1,0,0[~ =τ .                 (D.2) 

 

The applied stress  results in internal stresses on the cylinder  and on the cavity 

 with the same sinusoidal distribution. The relationship between the magnitudes of 

the applied stress and the induced stresses is given by 

τ 1τ

2τ

 

                                                    21
~~~
nnn τττ += .                                                        (D.3) 

 

The stress-displacement relationships on the cavity can be calculated by 

 

                                112 1
][~ BTτ m ⋅= =rrn  and 112 1

][~ BUu m ⋅= =rrn                                 (D.4) 

 

 

                                                      

(a) (b)

 

Figure D.3: The full-space model is divided into two models: (a) an infinite cylinder with radius  and 

(b) an infinite domain with a cylindrical cavity of radius . The applied stress on Figure D.2.b is 

transferred to the two models above with the same circumferential distribution.  

1r

1r
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where ,  are the 3  stress and displacement matrices for an infinite domain 

with a cylindrical cavity under the first loading combination, B  is the 3  vector  of 

coefficients, see Appendix C.3 and Section 4.4.1 for more details.  

1mT 1mU 3×

1 1×

The stress-displacement relationships on the surface of the cylinder are calculated by 

 

                                111 1
][~ ETτ p ⋅=− =rrn  and 111 1

][~ EUu p ⋅= =rrn                                (D.5) 

 

where ,  are the  stress and displacement matrices for an infinite 

cylinder under the first loading combination and E  is the 3

][ 1pT ][ 1pU 33×

1 1×  vector  of coefficients.  

The elements of [  and [  are calculated by modifying equations C.5 to 

model an infinite cylinder under the first loading combination. Note that the modified 

Bessel function of the second kind tends to infinity for zero argument, i.e. at . 

Hence all coefficients which are associated with this function, should be set to zero. The 

matrices  and [  are arranged to give in order the longitudinal, tangential and 

radial stresses and displacements in the directions shown in Figure C.3. The elements of 

 and [  are calculated by 

]1pT

]1pU

]1pU

0=r
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To satisfy the compatibility condition on the cylinder-cavity interface 
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nn uu = .                                                    (D.8) 
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By solving the second pairs of equations D.4 and D.5 and using equation D.8, B  

can be calculated by 

1

        

                                               B .                                                (D.9) 11
1

11 ][][ EUU pm ⋅= −

 

The value of E  can be calculated by substituting the values of 1 1
~
nτ  and 2

~
nτ  from 

equations D.5 and D.4 respectively in equation D.3 and using equation D.9 to get 

  

                                 E nτUUTT pmmp
~]}[][][][{ 1

1
1

1111
−−⋅+−= .                                (D.10) 

 

Knowing the value of , the value of  is calculated from equation D.9. Hence 

the displacement at any radius 

1E 1B

r  from the centre of the cylinder can be calculated from 

 

                                                   11 ][~ EUpu ⋅= rn   for r 1r≤                                      (D.11) 

and                                             11 ][~ BUu m ⋅= rn   for .                                   (D.12) 1rr ≥

 

The calculations are performed for values of n ],..,2,1,0[ maxn= , where is large 

enough for convergence. The displacement that was calculated from equation D.11 or 

D.12 is weighted with its Fourier value  in equation D.1 and its sinusoidal harmonic, 

i.e. 

maxn

na

θncos  if radial or longitudinal and θnsin  if tangential.  

Figure D.4 shows the plane-strain Green's function 

)0,0,7,,0(~
21

oo ==== ϕϕωξ prG

µ

, i.e. at 7m above the load. The results are calculated 

by summing the Fourier components up to =1, 10, 20 and 40.  The full-space parameters 

are those for the soil given in Table 4.1, with hysteric damping factor associated with the 

shear modulus 

n

η  =0.06 such that the new soil parameters (with subscript 2) are:  

 

• the shear modulus =+= )1(2 µηµµ i i56 103105 ×+× Pa ; 

• the bulk modulus )]1(3/[2 ν−== EKK = 1  ; 710083. × Pa

• Poisson's ratio )]3(2/[)23( 22222 µµν +−= KK = 0 i01.03. − ; 
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• Lame's constant )21/(2 2222 ννµλ −= = ; i56 102105.7 ×−× Pa

• the pressure-wave velocity ρµλ /)2( 222 +=pc  = i085.1983.94 + sm / ; 

• the shear-wave velocity ρµ /22 =sc  = 50 i522.179. + sm / . 
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Figure D.4: Green's function for a 2D plane-strain problem, i.e. for 0=ξ , with r ,  and 

, calculated by dividing the full-space to a cylinder and a continuum with a cylindrical cavity. 
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The results in Figure D.4 are recalculated using the direct Green's functions for a 

harmonic plane-strain problem given by Dominguez [23] as  
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)(κnK  is the modified Bessel functions of the second kind with order  and argument n κ . 

The solution in equation D.13 is also known as the fundamental solution of a plane-

strain dynamic problem, which is used in the Boundary Elements method.  
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Figure D.5: Green's function for a 2D plane-strain problem, i.e. 0=ξ , with , and , 

calculated using the fundamental solution in equation D.13. 

mrp 7= o01 =ϕ o02 =ϕ

 

 

Figure D.5 shows the Green's function for mrp 7= , and , calculated 

using the fundamental solution in equation D.13, which agrees with the results in Figure 

D.4 for the elastic-continuum theory. 

o01 =ϕ o02 =ϕ
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