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Rayleigh’s classical approach to the study of vibration of systems having a finite number of degrees of
freedom is applied to the problem of coupling of subsystems in a complicated structure, in order to probe the
regions of applicability of the approach to vibration analysis usually known as statistical energy analysis
(SEA). The classical method has advantages of simplicity and rigor over previous approaches to the
background of SEA in certain cases, and provides extensions and simplifications in several areas of the theory.
It also suggests modifications to SEA modeling strategy depending on the type of coupling involved, even
when that coupling is weak, so that earlier analyses might be thought to apply.

PACS numbers: 43.45.Bk, 43.45.Fq, 43.40.At

INTRODUCTION

A great mumber of papers have been written with the
aim, at least in part, of investigating the scope of val-
idity of the approach to vibration problems which is
commonly called statistical energy analysis (SEA). Be-
fore adding to this literature, some apology and expla-
nation is perhaps called for. First we must recall the
basic issue. We consider a complicated structure
which for some reason we wish to regard as made up of
a number of simpler substructures, coupled together in
some way. The problem of vibration analysis for such
a structure is in principle amenable to exact calcula-
tion, but in practice exact studies of realistic struc-
tures are only possible for the lowest few vibration
modes. If we are to make useful progress, we must
therefore take the formal exact expressions for the vi-
brational response of the structure to specified driving
forces, and approximate these in some way to produce
useful information from reasonably simple calculations.

The SEA approach to the problem of vibration analysis
for such structures involves adopting one particular
point of view, and thus making approximations of a cer-
tain general type. It is supposed that energy in the
form of vibration in the structure behaves in the same
way as energy in the form of heat: it diffuses from one
substructure to another at a rate proportional to the
difference in “temperature” of the substructures, and
it is dissipated internally in each substructure at a rate
proportional to the temperature of that substructure.
The SEA approach, when applied appropriately, gives a
very simple means of predicting the distribution of
mean-square vibration amplitudes among the substruc-

tures in response to a known pattern of external driving:

once we have measured or calculated the various con-
stants of proportionality, we have only to solve a few
simple simultaneous equations representing the power
balance for the various subsystems.

A major theoretical problem of SEA is thus to inves-
tigate the approximations implicit in these two funda-
mental assumptions, and the extent to which they are
justified in various practical situations. The assump-
tion that the rate of internal dissipation of energy is
proportional to the kinetic energy of the substructure is
a familiar idealization; its scope and the method of ex-
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tending this scope are discussed extensively in Lord
Rayleigh’s famous book The Theory of Sound* (Chaps.

4 and 5). In Rayleigh’s language, it amounts to assum-
ing that the dissipation function is simultaneously diag-
onalizable with the kinetic and potential energy func-
tions. Rayleigh shows that this assumption does not
lead to serious problems provided the damping is small,
as it usually is in practical problems. We shall be con-
tent to make this first assumption: our main object is to
study in some detail the second assumption.

Previous studies of the second SEA assumption, that
the rate of power flow between substructures is propor-
tional to the difference in their energies, have used
model systems ranging from the very special to the
fairly general. These studies have generally shown
that in the limit of weak coupling the proportionality re-
lation is always a good approximation. As the coupling
becomes stronger the relation holds true exactly in
certain special circumstances, and more or less ap-
proximately in others. The fact that such similar be-
havior has been found in a variety of models suggests
that there might be some simple and general results
underlying it. However, the normal method of treat-
ment in previous studies does not seem to the present
author to be especially appropriate to a search for any
such simple and general results, whereas the method
outlined here, based again on Chaps. 4 and 5 of Ray-
leigh’s Theory of Sound seems more promising for
many applications. Some rather general statéments
about the scope of the proportionality result emerge
quite easily from this approach. This simplicity in-
creases ingight into the meaning of the approximations
made. It seems likely that the method might lend it-
self to finding more such results: this account is only
a preliminary description covering the simplest appli-
cation of the method. In particular, in this initial ex-
position we deal only with coupling between subsystems
which are structures: coupling between a structure and
its surrounding fluid requires a somewhat different
treatment, for reasons which will be touched on in Sec.
V. '

Familiarity with the conventional treatment of the ba-
sis of the SEA assumptions is not likely to be of great
help in understanding the treatment given here. (This
is not to decry the conventional treatment, but simply
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means that the account given here is reasonably self-
contained.) Some discussion of how the present ap-
proach compares with the conventional treatment is
given at various points, but usually after an exposition
of the proposed method. Had Rayleigh considered our
problem in his book, he would only have needed perhaps
a few pages to present this entire discussion. However,
to give an account in isolation we must first be remind-
ed of some aspects of his general formulation. The
forbearance of the reader is asked if he is already fa-
miliar with this formulation.

This report is not concerned in the main with the sta-
tistical aspects of SEA. The aim is instead to clarify
the circumstances under which the two underlying as-
sumptions described above are true. There are two as-
pects to this study. One is to show how the present for-
mulation can yield the well-known exact results of Lyon
and Maidanik? and Lyon and Scharton,? as well as an in-
teresting extension to them. It is, of course, of some
interest before resorting to approximate treatments to
chart the scope of usefulness of exact studies. The
other aspect of this study, more significant in practice,
is to seek wider conditions under which the assumptions
are approximately satisfied. It turns out that such con-
. ditions are quite commonly achieved, but that the usual
SEA method of proceeding from the basic assumptions
to obtain useful statistical predictions needs to be modi-
fied under some circumstances, which are elucidated.

I. FORMULATION

The method we use is a simple application of the gen-
eral theory of vibration of linear viscoelastic bodies.
It will be recalled that the definition* of such a material
is that it is one whose behavior can be modeled by a
microstructure consisting entirely of linear elements—
springs, masses, and dashpots. The theory treats sys-
tems having a finite number of degrees of freedom via
matrix methods, rather than using continuous normal
mode functions as the basis of discussion. It is fre-
quently forgotten that this is the formulation used to
demonstrate many general results now taken for grant-
ed, such as stationarity of the Rayleigh quotient and the
various reciprocity theorems.

The assumption of a finite number of degrees of free-
dom does not restrict the usefulness of the results.
The limit in which such a discrete system tends to a
continuous system is generally very well-behaved in
situations of interest. In any case, a real body has in
fact only a finite number of atoms, so that in the last
analysis a treatment assuming a finite number of de-
grees of freedom is perhaps more appropriate than one
based on the continuum hypothesis!

The first step in the formulation is to choose a set of
generalized coordinates which are sufficient to describe
a given configuration of the system. For purposes of
visualization, it is convenient to use the ordinary posi-
tion coordinates of the elemental masses of which our
finite-degree-of-freedom model is composed. Call
these coordinates ¢4,¢,,...,qy, or in vectorial form q.
Now we know from Lagrange’s method that the dynami-
cal behavior of the system is completely specified by
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three functions: the potential energy, the kinetic ener-
gy, and the dissipation function or rate of loss of ener-
gy. Within linear theory, each of these functions can
be written as a symmetric, positive—definite quadratic
form: define

potential energy =q' Vi ; (1)

kinetic energy =q'7Tq; (2)
and

dissipation function =q'Fq, 3)

where q is the vector of time derivatives of the coordi-
nates, prime (') denotes transpose, and V, T, and F
are all NXN real, symmetric matrices.

To treat vibration problems, we usually want to
transform to what Rayleigh called normal coordinates,
now often called normal modes. These are a new set of
coordinates made up of linear combinations of the origi-
nal ones, chosen to make the matrices T and V both di-
agonal, and thus to make the kinetic and potential ener-
gies into sums of squares. It is a standard result of
linear algebra that we can always choose coordinates in
this way to simultaneously diagonalize two real, sym-
metric matrices. However, it cannot, in general, be
done for three matrices simultaneously.  This makes a
thorough treatment of the dissipation function rather
messy, and we will be content to make sweeping as-
sumptions about the form of the dissipation function to
explore the issues in question.

Of course, the normal modes have a simple physical
interpretation: they are the spatial configurations w,,
r=1,*+*,N in which the system, in the absence of

Subsystem 1

Coupling

FIG. 1. Two finite~degree-of-freedom mechanical systems
are coupled together via a single extra degree of freedom,
corresponding to movement in one direction only of the mass
m which is restrained by the spring S. For simplicity only
the elastic structures are shown: dashpots are omitted. The
coupling can be made weak in a number of ways, the one we
discuss first being to make the spring S very strong compared
with the other springs in the system. The systems can be
completely decoupled by letting S become infinitely stiff. As
an example of realistic coupled subsystems which can be re-
presented in discrete form like this, consider two sections
of cylinder separated by a rib; if in the frequency range of
interest the ring of rib had just one resonance, its motion
could b_e":idequately described by a single degree of freedom
représenting the corresponding mode shape. We would cer-
tainly expect that such a resonance in the coupling would have
a significant effect on power flow between the subsystems.
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damping, can vibrate regularly with g, =w,e** for all
r. There is a characteristic frequency w associated
with each mode, the set of these frequencies being giv-
en by the roots of the equation

det(V - w?T)=0. 4)

Having found these frequencies, the mode correspond-
ing to a given frequency w is given by solving the set of
simultaneous equations

Vw - w?Tw=0, {5)

for the vector w whose components are w,. When
damping is present, the system still has a set of char-
acteristic frequencies, now complex, given by the roots
of

det(V +iwF - w*T)=0. 6)

However, in this case the characteristic frequencies
are not naturally associated with a mutually orthogonal
get of configurations like the normal coordinates of the
no-damping case.

We now examine the form of these matrices for the
simplest example of coupling: consider the situation
illustrated in Fig. 1, in which two subsystems are cou-
pled together via a single degree of freedom. In this
case, the potential energy matrix V takes the form
shown schematically as

v o)
0 /
/% (Diag. 1)

where we have ordered the coordinates g, such that
r=1,...,n—1correspondtothe degrees of freedom of
subsystem 1, g, corresponds to the coupling degree of
freedom, and r=n+1,...,N correspond to the degrees
of freedom of subsystem 2. The Kkinetic energy matrix
T will obviously be diagonal if we have described the
three degrees of freedom of each component mass by
Cartesian coordinates (or indeed any other orthogonal
coordinates). The dissipation matrix we are going to
treat in a rather cavalier manner in any case, so we
will not follow its fate in detail at this stage.

Our aim is to discuss power flow between the two sub-
systems through the coupling. Before we can do this,
we need a clear definition of what we mean by the separ-
ate subsystems. There are various possibilities, and
we choose one which is physically appealing and which
is a variant of one often used in SEA%: we define our
separate subsystems to be those which result from de-
coupling by immobilizing or “blocking” the coupling
point, in this case by making the spring S infinitely
stiff. In See. V we discuss briefly the implications of
this type of blocking, and how it compares with the
more usual SEA definition.

The natural way to describe these subsystems is then
to transform to the normal coordinates of the blocked
subsystems, essentially as done by Lyon® and others.
This results in the two square submatrices of V being
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diagonalized, leaving the form

. (Diag. II)

The matrix T is still diagonal, of course, and it is
convenient for notational simplicity if at this stage we
scale each of our individual coordinates to absorb the
square root of the corresponding diagonal element of T
so that T reduces to the identity matrix. The diagonal
elements of each submatrix of V are then just the
squared-frequency eigenvalues of that subsystem, that
is the roots for «? of Eq. (5) for that subsystem.

An interesting fact is now apparent: with these forms
of the matrices T and V, we can no longer tell that we
started with two subsystems coupled together. All we
have is the general form for a system to which one ex-
tra degree of freedom has been added. This means that
our ordering of the coordinates is no longer useful,
since the current order reflects the two-subsystem
structure. A more natural way to order the coordi-
nates is to put the new degree of freedom first, and
sort the others so that the remaining diagonal elements
are in ascending order. V then takes the form

~

-
Aaiaz"'aﬂﬂ

a N

’ )

ayy v
~

where A and @, (r=1,...,N-1) describe the spring
strengths of the coupling elements, and A, (r=1,...,N
— 1) are the squares of the natural frequencies of the
blocked system in ascending order. T is still the iden-
tity matrix,

Before proceeding to analyze the behavior arising
from this form of the potential energy matrix, we
should note that generalization of the formulation to
cope with the case of coupling of any number of subsys-
tems through any number of degrees of freedom is very
straightforward. All that happens is that we intreduce
a coordinate to describe each degree of freedom in-
volved in the coupling mechanism, and perform the
same sequence of manipulations of the matrices as
above. The result is that after once again ordering the
coordinates to put the eigenvalues in ascending order,
our matrix V is of exactly the form (7), but with the
single row and column of coupling elements replaced by
bands of coupling elements.

Now we should note that any structure-structure cou-
pling can be modeled in this way in terms of a finite
number of degrees of freedom, as emphasized by Ray-
leigh, The implication is that when formulated in this
way, the general problem of coupling together’ any num-
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ber of structural subsystems by any number and type of
structural coupling elements is the same, regardless of
whether we are talking of two subsystems coupled in a
complicated way or many subsystems coupled in sim-
pler ways. The information about the number of sub-
systems is hidden in the details of the bands of coupling
elements in the potential energy matrix. We thus do
not necessarily have to treat separately, as has been
done in the past, the problems of power flow between
two arbitrarily coupled systems and of power sharing
among many systems—the two problems are formally
identical. Also, once we have studied our simplest ex-
ample of coupling through one degree of freedom in suf-
ficient detail, the process of adapting the analysis to
more general cases should be reasonably straightfor-
ward.

Before we apply this formulation based on the classi-
cal work of Rayleigh, we note for comparison the con-
- ventional SEA formulation of the problem. There are
many references for this approach, perhaps the most
authoritative being Lyon’s recent textbook.? We take
the formulation of Lyon’s Sec. 3.2 “Energy exchange in
multidegree-of-freedom systems,” but we adapt his no-
tation for consistency. ‘

We imagine two continuous systems coupled together
in some way. We treat these initially in much the same
way as above, that is to say we describe them in terms
of normal modes of the blocked subsystems (but notice
that we are using a slightly different definition of block-
ing than Lyon, as will be discussed later). The first
difference is that these normal modes are now contin-
uous rather than discrete. If we call them v,(x) and
w,(x) for the two subsystems, respectively, then the
differential equations governing the behavior in time of
these modal displacements in the blocked subsystems
are

ﬁv_,,_}_ 5 v,

att "3t

+ L, = F, (8)

and a similar equation for the modes w,, where F, is
the external driving force applied to the nth mode, and
8, and I, describe the internal damping and squared
frequency of that mode., We now “unblock” the systems,
and we suppose that the nth mode of one subsystem
“feels” the modes of the other subsystem according to
an assumed form

%y, 20, w,
'a_z—+ 6"5 + L, =F,+ ME M"MW

+ ; G,m% + X,..: Syt (9)

and a similar set of equations for the modes w,, where
three matrices of coupling terms are introduced and
named as follows: the term in M,, is called “mass cou-
pling,” the term in G,, is called “gyroscopic coupling,”
and the term in S,,, is called “spring coupling.” (How-
ever, we may note that the classical term for this form
of coupling is “gyrostatic,”*¢ surely a better term since
“gyroscopic” has other connotations.) It is not clear to
the present author how one can claim to allow “mass
coupling” and “spring coupling” simultaneously without
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allowing additional degrees of freedom in the coupling
structure, which the conventional method does not do,
in contrast to the present approach. Gyrostatic cou-
pling seems to have no relevance to structure-struc-
ture coupling.

We can already see disadvantages to this approach.
1t is more complicated and yet less physically grasp-
able and in some ways less general than ours. Where-
as we can describe completely all physically realizable
structural coupling in terms of elements of just one
matrix (the potential energy), Eq. (9) introduces three
matrices. For any given application of our approach,
for example,to a plate and rib structure, we can readily
imagine a finite-degree-of-freedom approxitnation to
the structure to which our model would correspond ex-
actly. (Not that one would construct such a model ex-
plicitly, of course, in applying the SEA methods which
rest on the considerations given here: the issue is
rather to know in advance whether a particular applica-
tion of SEA does come within the area covered by the
theoretical discussion.) However, given the same
physical system, it is hard to see how one could, even
in principle, identify all the terms of the three matrices
of Eq. (9) to relate the model to general calculations. '
The result is that in our approach any approximations
we may make will at least be explicit, and therefore
analyzable, whereas in the conventional SEA treatment
one starts with an equation which is itself approximate
in a rather ill-defined way.

1. ANECESSARY CONDITION FOR THE POWER-
FLOW PROPORTIONALITY RELATIONSHIP

We now apply our formulation to the power-flow prob-
lem. We are seeking to relate power flow between the
two subsystems to the difference of their energies. It
is clear from the formulation that any such result can-
not refer to the subsystems as such, since the form of
V shown in Diag. (II) conceals the fact that we started
with two subsystems: it shows only one system to which
one extra degree of freedom has been added. Notice al-
so that although the matrix V contains coupling terms
hetween the coordinates, T is diagonal so that it is
meaningful to talk about “the” kinetic energy associated
with a particular coordinate. The total kinetic energy
is simply the sum of squares of velocity responses of
the separate coordinates. For brevity we may refer to
“the energy of the coordinate.” The only possible re-
sult which we can now seek relates to power flow be-
tween pairs of our coordinates describing the blocked
modes, whether we choose two modes from the same
subsystem or one from each subsystem. In other
words, coupling mixes energy among the modes of eith-~
er individual subsystem just as much as it mixes it be-
tween subsystems. We therefore seek conditions under
which power flow in the coupled system between two of
our coordinates is proportional to the difference of en-
ergy between those two coordinates. Such results re-
lating to power flow between blocked modal coordinates
are of course just what have been previously discussed;
for example, Refs. 2, 3, and 5. Having established

-conditions under which this proportionality is exactly

or approximately true, we then return in Sec. V toa
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discussion of the implications for actual power flow be-
tween the two subsystems, involving many modes.

In order to tackle the power-flow problem we first
derive a simple necessary condition for the proportion-
ality result to be true, leaving the question of suffi-
ciency for the moment. Consider the two situations il-
lustrated in Figs. 2(a) and (b), in which one coordinate
only is externally driven and we examine the resulting
energy balance between that coordinate and another one
when a steady state has been reached. In case (a) the
power-balance equation for the coordinate ¢ which is
not being externally driven is simply

Ty,~A,E,=0, (10)

in the notation defined in the figure and caption (where
we have assumed the dissipation matrix to be diagonal,
as will be explained in more detail in Sec. III), so that
if

T,y =0,(E, - E,), (11)
for some constant a,,, then

0y =0.E,/(E, - E,). (12)
Similarly for case (b), we require

a,=A,E,/(E, ~E,). . (13)

Thus, for these two situations to yield the same propor-
tionality eonstant (i. e., a,, =a,), we require

AGEa/(ED - Ea) :AbEP’/(Eq' - Eﬁ') ’ (14)

which is the necessary condition for the proportionality
result between a pair of our coordinates.

What is needed to turn this necessary condition into a
sufficient condition? This is a complicated question in
general, and for this preliminary account of the general
method we will be content to note only the simplest an-
swer, as usually done in the past.»%% If the driving
forces, and thus the responses, in the two cases of Fig.
2 (a) and (b) are statistically independent, then we may
superimpose the two situations and drive both coordi-
nates at once, and the contributions to power and power

ApEp’

7 7 /{/‘ /Z/q/f q’
E : E r E r :I I
P [Tpq a P b Ef'
|p lq’
@) (b

FIG. 2. Power flows and energles associated with two coordi-
nates of dur model. In case (a) coordinate p 1s driven, power
being injected at a rate I,. The resulting energles of the two
coordinates are E, and E,, and the internal losses associated
with the coordinates are proportional to these energies with
proportionality constants A, and A,. The power flow between
the coordinates is T,,. In case (b) the situation is reversed,
and all the variables acquire primes to denote this.
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* flow will simply add (i. e., no cross terms are geher-

ated), and the necessary condition becomes sufficient.
This remains true if we now drive all the coordinates of
the system: if all these driving forces are statistically
independent of each other, then power flow between any
pair of coordinates will be proportional to their energy
difference if eondition (14) is satisfied. The extent to
which such an assumption of independent driving forces
is satisfied in practice will vary from problem to prob-
lem, but we do not pursue the question here.-

We can conveniently express the condition (14) in
terms of the admittance matrix of the system. The ad-
mittance matrix Y,,{(w) is the velocity response of coor-
dinate g to a force of the form e** applied to coordinate
p. For simplicity we consider the case in which each
external driving force is random, with a spectrum
which is flat in the region of interest—this is the nor-
mal assumption in SEA investigations. For case (a),
we imagine applying such a random force with a spec-
trum of unit magnitude: the total energy E, is then®
just

E, = f (Y, (w2 dw, (15)
and the energy of the other coordinate is

E,= [ 1¥g)?do. (16)
All integrals run from zero to infinity. For case (b)
we apply a similar random foree to coordinate g, ob-
taining

B = [ ¥ a0 amn
and

E, = f [Y,(w)?dw. (18)

But transfer admittances have the well-known recipro-
cal property

Y, (w) =Y, (w), (19)
so that
E, =E,. (20)

Thus our condition {14) now reads
a, f | V() dw-a, f [ Y, (@) |? dw
~a,-3,) [ 1) dw. (21)

(It is not claimed, of course, that the application of re-
ciprocity to SEA results is new: see,for example,Ref.
5. However, the precise use made of it here and in the
next section does not seem to have appeared in print be-
fore.) :

{1). THE SCOPE OF EXACT RESULTS ON POWER
FLOW

We now consider under what circumstances the condi-
tion (21) can be satisfied. In this section we probe the
rather restricted conditions under which it is exacily

J. Woodhouse: An approach to statistical energy analysis 1699



satisfied, and then in Sec. IV we make use of these ex-
act results to provide useful approximations in the more
general case. We first give a simple and general argu-
ment which is sufficient to show that (21) is satisfied
under all conditions for which existing exact results ap-
ply, as well as for a significantly more general class of
problems. Only then do we need to evaluate the admit-
tance matrix explicitly for our model, to calculate the
proportionality constant o,,. We shall thus provide
demonstrations of the well-known results of Lyon and
Maidanik? relating to power flow between two oscilla-
tors, and of Lyon and Scharton® relating to many identi-
cal oscillators, which are greatly simpler than the
original calculations.

We first note a result, discussed by Lyon in a differ-
ent context (Ref. 5, p. 32) and pointed out to the author
by Dr. C. Hodges,7 relating to the total rate of power
injection IT into the complete system when driven on
one coordinate only. This is simply the mean of the
product of driving force f(t) there and the velocity re-
sponse v(t) of that coordinate:

1 T
n=xJ fOvat. (22)
0
But we can express v(t) as the convolution of f(t) with

the Green’s function (impulse response) g(t) of the sys-
tem at that coordinate, so that

T T
M= [ [ sevtgt-natar, (23)
i.e.,
= 4
1 f0 gWAWdt, (24)
where
1 T
A0 =7 [ roye-nar (25)

is the autocorrelation of the force f(¢).

But if f(f) is a random force, A(f) will be a delta func-
tion 8(¢), or in practice a narrow spike approximating a
delta function. Thus the only aspect of the system be-
havior which influences power injection is the behavior
of the Green’s function g(¢) at £ =0+, which is well
known to be a jump whose magnitude is the inverse of
the mass at the driving point. Since all our coordinate
masses are scaled to unity, this says that the rate of
power injection T when driving any one coordinate is in-
dependent of which coordinate is driven, and also inde-
pendent of damping constants,

Thus we deduce that the total power dissipated by the
whole system when one coordinate is driven is indepen-
dent of coordinate and damping factors, so that in the
notation of the previous section

A, le”(w)|2dw+§A, R AE®r
o, [ 1V @laor T a, [ V)00, @6

for any pair of coordinates p and g. Combining this
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with the condition (21), we deduce that our condition for
the power flow proportionality relation may be written

> f lYp,(w)Pdw:';q a, [ 1Y, (0)2d0. @D

r¥#p, q

This condition is trivially satisfied under certain cir-
cumstances. If there are only two coordinates, then the
sums in (27) become null. Thus we deduce that the pow-
er flow proportionality relation is satisfied exactly for
power flow between two oscillators connected by any
conservative coupling. This includes the case investi-
gated by Lyon and Maidanik,? but also goes significantly
beyond it. The other existing exact result is that due to
Lyon and Scharton,® for a number of identical oscilla-
tors, identically coupled. Since for two such oscilla-
tors p and ¢q

Ybr(w): qu(“’) (28)

is clearly true for any other oscillator », we see that
the condition (27) is again trivially satisfied. Thus we
have proved with minimal algebra all previous exact
results on the proportionality relation. It is of course
no criticism of the earlier results that they were de-
rived more long-windedly: this made them no less
true. However, it is surely instructive to see these
results in the new light of this simple derivation.

While the bald statement that the two-oscillator result
remains true for the more general case may not seem
very impressive, this does represent a significant ad-
vance on the earlier result. It is possible® that one
reason for poor results from SEA predictions in some
situations is that if the coupling mechanism has degrees
of freedom, but not enough to treat as another statisti-
cal group, this might impair the validity of the funda-
mental SEA assumption about power flow. [This point
has been touched on by Smith,® although apparently that
author did not intend the implication drawn here. °]
However, we see that this is not so: for example, the
result for flow between two oscillators coupled through
a third remains true, even in the case of the “triple co-
incidence” when all three oscillators when uncoupled
would have the same frequencies. SEA predictions may
well be less accurate in such cases, but the reason is
presumably to be sought in the statistical properties of
the ensemble average which must be taken to produce
the SEA model of a multimodal system. We discuss in
Sec. V how conventional SEA modeling can be modified
to deal with such coupling resonances.

Before considering whether there are any more exact
results, we calculate the proportionality constant a,,
for the two-oscillator problem for which we have just
proved the proportionality result. To do this, we must
evaluate the admittance matrix Y,, for our model.
First, we must add to our existing forms for the Kkinetic
and potential energy matrices a specification of the dis-
sipation matrix F. Since our condition (21) already con-
tains tacit assumptions that this dissipation matrix is
diagonal and that there is no dissipation associated with
the coupling degree of freedom, the most general rele-
vant form is
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(0 0 0 0+ o]
028, 0 0+ 0
0 0 28, 0 0
’ (29)
0 0 0 0+ 24y,
- I
(A — mw? a,
a, A+ 2iwh —
a,
Yy =iw(Vy, +iwFy, = 0?T,) ™ =iw
aN_i

where we have introduced the factor m for the mass of
the coupling degree of freedom: this is a temporary de-
parture from our previous notation where all masses
were normalized out, but we shall soon want to consid-
er the case m =0 to check our method against that of
Lyon and Maidanik.

This madtrix is sufficiently simple that its inverse
may be written down by the method of cofactors., We
consider only the case N =3; as we shall see later, we

are not interested in the case of general N here. Thus
consider
A-mot a a, -
Yy lwl=iw| a A+ 2iwA, - Wt
a . A+ 2iwh, — w?
(31) -

Hence

Yi(w) =[iwd - ma?) (N, + 2iwa, - W?) - a?]/D,  (32)
and

Y (w) =iwa;a, /D , (33)
where the determinant

D=(A - mo)(y +2iwa, — W)\ + 2iwA | — w?)

— alt(\y + 2iwa, = 0F) = a} (A +2iwA; —w?).  (34)

Yy, is of course obtained from Yy; by interchanging 1’s
and 2’s. Yy, is symmetric in I’s and 2’s as expected.

Now in order to calculate

f | ¥,, ()2 dw

a12a22 (Al + A2)

w?

where &, (j=1,...,N-1) are the same as those used
above in Fig. 2 and ensuing calculations.

Now, from Lagrange’s equations for the system,! it is
not hard to see that the admittance matrix is given by

~1

a, e ay
Xy + 2iwh,) - w?
M i ] (3 0)

xN-l + 2?:UJAN_1 - (JJ2

7

flor the various values of p and ¢ we can make use, as
does Lyon, of the remarkable tabulated values of inte-
grals of this form due to G. R. Maclane.'® We first do
this for the case m =0 since it is much simpler than the
case of general m and since it reduces our model to a
case of that considered by Lyon and Maidanik (who

" treated blocking in a different way and did not allow de-

grees of freedom in the coupling, as we shall discuss in
Sec. V). This yields

d
- f [ Y|P do=a[aa? + 448,(a, +28,)(AN, - a,?)]
+a,laft +at - ad +AM (N - 2,)

+ 4448, (A1 +0,)(AN - a,?)

+2A0 =)l - a?)] (35)

and

d
2 [ ¥, do=apataa +ay), (36)

where

d=4(81+8)) a’ar? + 48,8, {4\ = 1) + (2 - a,?)?
+ 24 = M)yt - a®) + 4A(a, + 4 [(AN - aD)a,
+ A - gh)a}. (37)

From these results it is apparent that the necessary
condition (21) is satisfied exactly by this model, con-
firming our general result in this case. We can then
calculate the value for the constant of proportionality in
the power-flow relation to obtain

%2 = [(a?® - )+ A, - X)) +44(a, +4,)[a, (AN, - Ty + 8,(AX = a D) -

>

1701 J. Acoust. Soc. Am., Vol. 69, No. 6, June 1981

(38)‘
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We can now restore  in the expressions for Y, (w),
and again use the tabulated values for the integrals for
the more general case in which the coupling degree of
freedom is fully accounted for. As the expressions for
the integrals for this case (in which the determinant D
is 6th order in w) are rather messy, the calculations
are hard to do by hand. However, the problem lends
itself to computer symbolic manipulation. Thus the al-
gebra language CAMAL onthe Cambridge University IBM
370/165 was used, and the result confirmed that the
condition (21) is still exactly satisfied in this more gen-
eral case. The individual expressions analogous to
Egs. (35)-(38) are rather too long to be worth repro-
ducing here, but we use part of the computed results in
the next two sections, when we extract weak-coupling
approximations from them.

Having seen that the power flow condition (27) is sat-
isfied exactly for certain cases, it is natural to ask
whether this exact result extends to more cases: we
show by a simple argument that this is not so, at least
for the most natural extension within our formulation.
Suppose we add one more row and column to the matrix
of Eq. (36), introducing A3, 43, and a; in the obvious
way. Now if the condition (27) were satisfied exactly
for power flow between any two of the three coordinates
of this system, it is easy to see that the three quantities

f | Y,e(w)|?dw ,

with p #4 would all have to be equal. But this condition
cannot be satisfied identically: from the expression
(30) for Y,, we obtain

w?dw

fIqu(w)lzdw=a,,2aqz Téml ,

(39)
with

B(w) =\, + 2iwd, - w}) (A +2iwA, - w2)<A - mw?
a’ a’
+ ‘ =+ : .
A +2iwa - w?) 4y +2iws, - w)

2
as
.
(A + 2iwd; - w ))

Thus if we consider the case in which 4, say, tends to
2ero, two of the three quantities tend to zero without
changing the third, so that they clearly cannot all three
remain equal., Thus exact results analogous to that of
Lyon and Maidanik do not extend beyond the case of two
coupled oscillators (since the argument given above is
not particularly special to the case of three oscillators,
but can be readily extended to larger numbers). To
learn about the validity of SEA estimates in realistic
structures we must go on to discuss approximate re-
sults.

1IV. APPROXIMATE TREATMENT IN TERMS OF THE
MODES OF THE COUPLED SYSTEM

The method we have used in Sec. II to test the neces-
sary condition (21) treated dissipation exactly within a
particular model, in which the dissipation matrix was
assumed diagonal. The method we now develop treats
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the problem approximately, ignoring dissipation en-
tirely at first, then allowing for it in a rather ad hoc
way later. This approach represents a valid approxi-
mation under most circumstances when dissipation is
small, as it usually is in practice. The method in-
volves calculating the normal modes of the coupled sys-
tem., This turns out to be very easy., Since T is just
the identity matrix, we see from Eq. (5) that we have
merely to calculate the eigenvalues and eigenvectors of
V in the form shown in Eq. (7). If we call the eigenval-

ues i,, ¥=1,...,N then the rth eigenvector has compo-
nents
x;:—(xzaj/)\;—lir), j:l’,..,N, (40)

in terms of the component xj, representing the amount

of movement in the vth mode of the coupling point. The
magnitude of this component is fixed by normalizing the
eigenvector in the usual way so that the sum of squares
of its components is unity: this yields

, ( 2 al )-uz )

xp=(1+ — . 41

0 7 (7\1 - l-‘-,-)z (
The eigenvalue equation for the values L, is
2
a
A-p, =3 ——, (42)
7 A -y

The physical interpretation of these eigenvectors and
eigenvalues is straightforward. The new eigenvalues
i, are known to interleave one for one the old eigenval-
ues A,, according to a general theorem given by Ray-
leigh.! (This behavior is also called the “Sturm se-
quence property.”) In the case of weak coupling, we
shall see shortly that there is just one i, very close to
each A,, as again we would expect since weak coupling
should not move the mode frequencies much. Now each
eigenvector is dominated by the contribution from the
coordinate corresponding to the value X, which is clos-
est to p,, and there are decreasing contributions to the
eigenvector from coordinates corresponding to frequen-
cies further and further from g,. This is the source of
the power flow between coordinates which we are seek-
ing to study: when we excite one coordinate with some
external driving force, the modes of the coupled system
which are actually excited each involve a certain
amount of motion of all the other coordinates.

The expression for the admittance matrix in terms of
these eigenvectors is well known: it is most familiar in
the statement appropriate to continuous systems with
normal modes w,(X) and corresponding squared-fre-
quency eigenvalues A,, where x refers to position in
the system. The result is then

Yix, b = 3 2o nlt) (43)
r r

for the velocity response at the point £ to the application

of a force ¢’ at point x. We can directly translate

this expression into the terms of our discrete system,

and the fact that our coordinates are blocked normal

modes rather than position coordinates does not affect

its validity., Thus
.2
iwxy a,a
Y, (w) = 0 “ptq .
wl@) = 2 G T = =)

(44)
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Since our system is linear, we can superpose contribu-
tions to velocity of coordinate ¢ arising from driving all
the coordinates p in specified ways, and thus we have
now a formal statement of the complete solution to the
problem of the response of a coupled elastic system to
known external driving (we have not yet taken any ac-
count of dissipation).

Equation (44) is an approximate version of Eq. (30),
and we should note in what sense it represents an im-
provement over Eq. (30). The essential thing is that
when we evaluate the inverse matrix of (30), we obtain
algebraic expressions like Eqs. (32) and (33) which have
the determinant (34) in the denominator. As the number
of degrees of freedom is increased, such expressions
rapidly become too large for analytic treatment. Equa-
tion (44) gives a version of these expressions expanded
in partial fraction form, taking advantage of the fact
that without dissipation the coefficients of that partial
fraction expansion are éimply given in terms of the cou-
pled modes, which in turn are easy to write down. It is
much easier to use this partial fraction series than it is
to approximate the exact expressions when we want to
study particular cases. :

As the first and most important case, we consider the
simplified forms of Eqs. (41), (42), and (44) which
arise from an assumption of weak coupling. There are
various ways in which weak coupling can be modeled in
our system, but we shall initially discuss only the one
which arises when the constant A in matrix (7) is much
larger than all the other terms of that matrix. This
corresponds physically to the spring'S in Fig. 1 being
much stiffer than other springs in the system, (We re-
turn in the next section to other ways in which eoupling
can be made weak.) In that case, the eigenvalue Eq.
(42) reduces approximately to

A=a?/(\-u,), (45)

so that, as stated above, the frequencies are perturbed
very little by weakly coupling the systems together.
Now, from Eq. (41), we have

x=\ -u,)a,~a/A. (46)

Finally we can write down weak-coupling approxima-
tions to the admittance from Eq. (44). We need two
different versions of this: the driving-point admittance
(but note that, although this is the conventional phrase,
it is a somewhat peculiar use of the word “point” with
our coordinates) Y,,(w) and the transfer admittance
Y,o(w) (p#4). These are

Ypp(w) =iw/ (1, - W) +0A?) (47)
and
Y, (w) =iwa,a, /AL, — 1)ty - 0]
+[(y = 1), - )]+ 047, (48)

where we have approximated the series (44) by its dom-
inant terms, v =p for Eq. (47) and »=p, »=g¢ for Eq.
(48) on the assumption that the shift in each eigenvalue
due to coupling A, - ¢, is much smaller than the eigen-
value spacing A, — A,

We now perceive another disadvantage of the conven-
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tional SEA approach compared with the present ap-
proach: since the conventional approach is formulated.
entirely in terms of the eigenfunctions of the blocked
subsystems, it can never tell us anything about how
much the coupling points themselves move. We on the
other hand explicitly recognize that the act of blocking
reduces the number of degrees of freedom of the sys-
tem, and we assign new coordinates to these degrees of
freedom when we unblock the constraint. Now, when
applying the theory we obviously need some way of de-
termining in practice the proportionality constant a,,

of Eq. (11), or more properly the averaged value of this
appropriate to a statistical discussion of power flow
when many modes are involved. Various methods for
doing this have been discussed,!! but no one appears to
have discussed the most obvious of all because of the
shortcoming in the theoretical background associated
with not explicitly allowing for coupling degrees of free-
dom. We would surely expect the power flow through
the coupling elements to be related to the movement of
those elements, since it is this movement which is zero
for the blocked subsystems, and is small for weak cou-
pling. In our formulation, we see quite explicitly that
the strength of coupling, in the weak-coupling approxi-
mation, is measured by the movement of the coupling
point [} in Eq. (46)]. In the same equation (46) we see
the basis of another method of measuring coupling
strength, by eigenvalue shift produced by the coupling:
this is related to the measure introduced by Newland!?
and discussed further by subsequent workers.!! We re-
turn later to consider the usefulness of this approach to
estimating the proportionality constant in practice.

We now test our necessary condition with these ad-
mittance functions calculated for the weak-coupling
case. From Eq. (46) we evaluate the integrals of the
squared driving point admittances. In doing this and
similar integrals we must take account of the internal
damping of the modes, which up to now we have ig-
nored. An approximate treatment of damping is simply
to allow the eigenvalues ., to be complex, with an
imaginary part which must be small for the approxima-
tion to be valid. Thus write

py=(w,+ia, ), (49)

where 4, is in fact the same quantity as appears in Fig.
2 and the ensuing discussion. It is then a simple exer-
cise to evaluate the integral to obtain

f [ V,p(@)[2dw = —— + O(A™). (50)
12,
Now we need only note that
[ 1%, 2aw=04"), 51)

for the result (21) to be seen to be satisfied to dominant
order in weak coupling. The proportionality constant
a,,, from Eqgs. (12), (15), and (16) is then
445 A

Upgme —2—1 f | Yy {w)*dw. (52)
It is clear from Eq. (52) that our expression for «,, is
indeed symmetric in p and ¢, which is the essence of
the necessary condition (14).
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Having seen that to demonstrate the proportionality
result for this particular form of weak coupling re-
quires only very simple calculation, it is not surprising
that we can generalize this result quite easily to the
case where the coupling has many degrees of freedom.
We have noted above, at the end of Sec. I, how the for-
mulation of the problem is modified to take account of
many degrees of freedom: the single row and column of
coupling terms become bands of terms. But we also
noted that one can no longer distinguish directly be-
tween two subsystems coupled in a complicated way,
and many subsystems coupled in simpler ways. How-
ever, under weak-coupling approximations the results
(50) and (51) are still appropriate if we take A to repre-
sent a typical diagonal term in the potential energy ma-
trix, provided p and g refer to two coordinates which
are directly coupled together. (If we have a chain of
subsystems as shown in Fig. 3, we naturally have to do
a little more calculation to discuss power flow between
coordinates in nonadjacent systems.) Thus the propor-
tionality result holds true in the limit of weak coupling,
whatever the detailed nature of that coupling, between
pairs of normal coordinates of blocked subsystems
which are directly coupled together, when the driving
forces are statistically independent.

It is perhaps now natural to ask whether the condition
(14) or (21) can be satisfied when the coupling is not
weak, other than in the two-oscillator case already con-
sidered. The first observation to make is that the
weak-coupling approximation given above is quite ro-
bust, in the sense that we have approximated the ad-
mittance series by their largest terms, and these re-
main the largest terms for arbitrarily strong coupling—
the eigenvalue-interlacing theorem mentioned earlier
guarantees this for the single-degree-of-freedom cou-
pling case. Thus we would not perhaps expect the re-
sult to go disastrously wrong when the coupling ceases
to be extremely small.

It is in any case questionable whether one is really in-
terested in SEA-type methods when coupling is very
strong. The SEA equations say that distribution of
mean-square vibration amplitude in a structure is gov-
erned by the balance between internal energy loss in the
substructures and energy flow between substructures.
Now, if flow through the couplings is much stronger
than internal loss, then the result is simply approxi-
mate equipartition of energy among modes of the sub-
structures, and this will happen with or without a strict
proportionality relation between power flow and energy
differences. Thus strong coupling is only interesting if
internal loss is also high, and then other approxima-
tions we have made will break down, especially our as-
sumed diagonal form of the dissipation function.

Sox

FIG. 3. Schematic representation of a chain of finite-degree-

of-freedom subsystems coupled together through finite-degree-
of-freedom coupling networks. This is a generalization of the
case illustrated in Fig. 1.
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V. IMPLICATIONS OF VARIOUS MODELS OF
WEAK COUPLING

In the previous section we found that for the model of
weak coupling represented by Fig. 1 with the spring S
very stiff, a simple argument demonstrates the approx-
imate validity of the power-flow proportionality relation.
This calculation serves as an example of a more gener-
al phenomenon: the approximation used can be adapted
to a number of other models of weak coupling. This ap-
proximation amounts simply to noting that when cou-
pling is weak, the power flow between two coordinates
is dominated by the direct pathway between those coor-
dinates, so that we can approximate the many-degree-
of-freedom problem by a two-degree-of-freedom prob-
lem for the purpose of calculating power flow. Since
we have already shown that the proportionality relation
is exactly true for the two-oscillator problem, it is not
surprising that we were able to show readily that the
relation is approximately true for this weakly coupled
case.

Now the basic meaning of “weak” coupling of any kind
is surely that the rate of power flow from a directly to
an indirectly excited coordinate is small compared with
the rate of power input to that coordinate. Thus it will
always be the case, for any type of weak coupling, that
a power-flow pathway from one coordinate to another
via one or more intermediary ‘coordinates will carry
less power than the direct pathway, and hence the re-
duction to a two-oscillator problem will be a universally
valid approximation for any weak coupling. The approx-
imate correctness of the power-flow proportionality re-
sult follows automatically. Thus we can obtain leading-
order approximations to the power-flow proportionality
constant in various models of weak coupling, from the-
results of the computer algebra used above for the
problem of two oscillators coupled via a third.

Before doing this, we note a further important point
about the range of applicability of results obtained from
the general two-oscillator calculation. "If in a real
problem our coupling has insufficient degrees of free-
dom to be treated statistically as a subsystem in its
own right, then we are surely justified in allowing for
only one degree of freedom in this coupling when inves-
tigating power flow: the probability of more than one
coupling degree of freedom being simultaneously im-
portant (when there are not many of these degrees of
freedom in total) will be small, and the approximation
made in neglecting these additional degrees of freedom
will be unimportant in comparison with other approxi-
mations we need to make in deriving a statistical mod-
el. Thus we can regard values of the proportionality
constant derived from the two-oscillator problem as be-
ing valid approximations for any type of weak coupling
permitted within our general model. (We discuss later
in this section the major type of weak coupling which is
not contained in this model. ) '

Thus we calculate from the computed expressions for
integrated admittances, leading-order approximations
to the proportionality constant in various cases of weak
coupling. First let us be reminded of the notation in
the two-oscillator problem. Figure 4 illustrates this.
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2p 2q
Squared Squared
frequency frequency
Ap \q
Ap A Aq

FIG. 4. Notation for the problem of power flow between two
oscillators coupled through a third.

The first cage is the one discussed in the previous sec-
tion: A very large compared with the other springs in
the system. Gathering up leading-order terms in A
from numerator and denominator of the expression (12)
for a,, then yields

A . A, +4,
alal P (=2 +4(a, +2 )82, +AN,)
+ oy (53)

4,a,° +A4a,) :

Notice that if we set m =0 in this expression, it agrees
with the large-A limit of Eq. (38) which we calculated
by hand for the case - =0: this gives useful confirma-
tion of the correctness of the computer algebra. Now
we note an interesting difference from the usual SEA

2,2
ap a, AﬁAa

proportionality constant.® In addition to the first term,
which is dominated by resonant coupling (\,~X ), we
have a nonresonant term which is proportional to the
mass m of the coupling degree of freedom but indepen-
dent of frequency. Since only the first term has been
considered previously, conventional SEA assumes all
power flow in weakly coupled systems to be dominated
by resonant coupling. We now see that this is not ne-
cessarily the case.

The second type of weak coupling which is easy to dis-
cuss arises when the mass m becomes very large com-
pared with other masses in the system., Collecting
dominant-order terms in m yields

1/ Q™ m[(l,’/ abzAp) + (A‘qz/ a,,zA.)] . (54)

In this case, we find that power flow does not depend to
leading order on any resonant terms. There is simply
more power transfer, the lower the individual frequen-
cies of the blocked modes. Thus for systems in which
coupling is weak because of large mass, standard SEA~
could give quite the wrong answer by assuming reso-
nant effects to dominate.

The final case of weak coupling which we can usefully
consider is when the coupling springs a, and 4, are both
weak compared with A, or equivalently that A and » are
both large compared with other springs and masses in
the system but are comparable with each other. This
enables us to see the effect of coupling resonance on the
power flow. Collecting lowest-order terms in a, and
a, or equivalently highest-order terms in A and m tak-
en together, yields

(55)

o, o~
P 8,8, (@2 =2 ) + 4,8 1@ - 2 +424,4, (8,0, + 4 ,a,°)])

where
Q=A/m (56)

is the squared frequency of the coupling oscillator. We
now see that power flow is not dominated by resonance
of the two subsystem degrees of freedom with each oth-
er, but rather by resonance of each separately with the
coupling degree of freedom. This is not especially sur-
prising, and it perhaps sheds light on the nonresonant
terms found in the preceding two cases, in which 2
tended to infinity and zero, respectively. The fact that
conventional SEA needs modification to cope with reso-
nances in the coupling has been mentioned previously,®
but little appears to have been said about how such mod-
ifications should be made. Equation (55) provides a
preliminary answer to this question.

Having obtained approximate proportionality constants
for a variety of weak-coupling configurations and found
that these depart significantly from the conventional
SEA expressions, we can ask whether these differences
are directly observable, and how they affect SEA mod-
eling of real systems. We first try the usual SEA pro-
cedure, and apply to Egs. (53)-(55) a set of sweeping
assumptions which enable us to generate simple statis-
tical predictions. We suppose that the driving forces on
the various coordinates are statistically independent,
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aqi that all coordinates in each subsystem have the
same energy, E, for subsystem 1 and E, for subsystem
2. We then suppose for simplicity that only subsystem
1 is directly excited, with band-limited white noise hav-
ing a flat spectrum between frequencies w and w + B.
This means that the total power flow into coordinate g of
subsystem 2 is approximately

(Ey~ Ey) E Qpys (57)
?

where the sum is over coordinates p of subsystem 1
whose resonant frequencies lie within the band of exci-
tation. Thus the total power flow [Ty, from subsystem 1
to subsystem 2 within this frequency band is approxi-
mately-

n12 = (El - Ez) z: 2 apq ’ (58)
b a

summing over modes g of subsystem 2 lying within the
excitation band. Assuming that couplings a, and dissi-
pation factors A, are constant for each separate sub-
system in the band of interest makes these summations
easier, since it leaves only the frequeney dependence of
a,, to consider. If we finally assume that the frequen-
cies of resonance of the two subsystems are independent
random variables, uniformly probable (in an ensemble-
average sense) over the band in question, with densities
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pt and py, respectively, we can approximate the sum-
mations in Eq. (58) by integrals to give

w8 +B
My = py0y(E; - Ey) f /“" o (wp, w,)dw, dw,, (59)
w w

where
w ‘2 = )‘i (60)

and we now regard ¢ as a continuous function of w, and

Wy

Equation (59) represents the normal SEA approach,
and it is valid for the normal SEA type of proportional-
ity constant o, exemplified by the first term of Eq.
(53). Under our approximations we can replace all oc-
curences of w, and w, in that term by w, except in the
difference w,~ w,. We can then do the w, integral
straightforwardly to obtain

a12a 2 T
f a(w,, wq)dwqu —Azz— m s (61)

where a; and a, are the values of a, and a, appropriate
to subsystem 1 and 2, respectively (assumed constant
for each subsystem). Now the integrand of the w, inte-
gral is approximately mdependent of w,, so that the fi-
nal approximation to II,, is

Myg= Plpz("/4w2)(a1zazz/Az)(E1 -E),
which agrees with Eq. (3.2.9) of Lyon.’

(62)

However, if we were to carry out similar integrations
on the other term of Eq. (53) we would obtain an erro-
neous answer, a contribution to I, proportional to B?,
since this second term is independent of frequency.

The answer would be

mA A

1r a1 a,’
( A——ru_z,a, +aa; )Plpz(E1 - Ey).

(63)

We can see that this makes no sense: in the approxima-
tion B<< w which we have made, we are only entitled to
retain terms linear in B since we have already made
linearizing assumptions. This does not mean that the
second term is necessarily negligible, but indicates that
we have made inconsistent approximations. The prob-
lem is that in deriving Eq. (60) we have taken the val-
ues of ¢,, calculated by integrating from zero to infinity
over frequency, and have used these values to approxi-
mate the band-limited integrals from w to w+ B. This
is an acceptable approximation for a normal SEA form
of a,, dominated by resonance of w, with w,, but is
wrong for nonresonant forms of a,, like the second
term of Eq. (53).

Similarly, the expression for a,, in Eq. (54), if inte-
grated in the same way, yields an inconsistent value of
3, proportional to the square of bandwidth since the in-
tegrand is only slowly varying over the range of inte-
gration. The expression (55) for «,,, however, yields
a correct approximation to II,, proportional to log(B)
provided the resonant frequency of the coupling lies in
the band over which we integrate: both integrals are
approximated by resonant terms in this case, so that
power flow is not strongly dependent on bandwidth.

N
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The nonresonant terms in some of the expressions for
a,, are telling us something, but we have just seen that
the usual SEA procedure is not appropriate for reveal-
ing the message. It is not hard, however, to see what
that message is, at least in qualitative terms. One
particular problem with expressions like Eq. (63) is
that they appear to treat w and B as separate variables.
However, in fact all information about the dependence
of total power flow on both these parameters is econ-
tained in a single function of frequency, a convenient
representation of which is the cumulative curve of pow-
er transfer between the two subsystems as a function of
frequency; that is, the indefinite integral with respect
to frequency of the power transfer function. This curve
is monotonically increasing since energy always flows
from the directly excited subsystem to the indirectly
excited one, at each individual frequency, so we are in-
tegrating a strictly positive function. From such a
curve, we can read off the power transfer for any given
band of noise driving one subsystem, as the difference
between the values of the function at the extremities of
the band in question. Thus the question we should ask
about the three forms of weak coupling discussed above
is what shape this curve should have in each case. We
would expect to obtain curves of the general form indi-
cated in Fig. 5. For spring coupling [Fig. 5(a)], the
curve is more or less straight, so that power flow is
roughly the same for a band of a given width with any
center frequency. For mass coupling [Fig. 5()], on
the other hand, the power flow for a given bandwidth in-
creases as the center frequency of the band is reduced.
For resonant coupling [Fig. 5(c)], as might be expected,
the power flow is greatest in the vicinity of the resonant
frequency of the coupling.

This description can be put on a quantitative basis,
but we do not go into it further here since it requires a
slightly different approach to the one we are discussing:
we were only just able to do the integrals to infinity, so

T
B w—» w—> w—>
@) (b) (c)
FIG. 5. Cumulative curves of power transfer between two

subsystems through various sorts of weak coupling, as a
function of frequency w. Thus total power flow between the
two subsystems in case (a) when driven with the band B of
noise as indicated is T. Case (a) refers to weak coupling
through a strong spring. Case (b) refers to weak coupling
through a large mass, and has a form approximately w~ 3.
Case (c) refers to coupling through a resonator to which the
subsystems are only weakly linked, and power flow is greatest
in the vicinity of the resonant frequency of the coupling. This
way of representing the trends revealed by a statistical analy-
sis in cumulative curves seems particularly useful, since such
curves can be measured directly in some experimental situa-
tions, obtaining reasonably smooth curves which ecan readily
be compared with the predictions.
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cannot use our method to treat finite ranges properly.
The proportionality constants «,, calculated above are
not the right starting point. It is interesting to note,
though, that the approach offers the possibility of mak-
ing useful SEA estimates (embodied in such cumulative
curves) for the case when the coupling has a few reso-
nances only, too few to treat statistically but few
enough that they can be predicted with reasonable accu-
racy deterministically. From a knowledge of the char-
acter and frequency of each coupling resonance of inter-
est, one could piece together a curve like Fig. 6, made
up of sections of the various kinds shown in Fig. 5.
Such a combination of statistical and deterministic
analysis appears to be new in the area of structural vi-
bration, although known to room acousticians. It de-
serves to be further investigated.

The analysis of power flow between weakly coupled
subsystems presented in the previous section enables
us to link the present approach to another area of ex-
isting work on SEA. If we combine the expression (62)
for power flow in the case m =0 with expression (45) for
the shift in eigenvalue caused by the coupling, we obtain

P10,BTAWAWL(E| — Ey), (64)

where Aw is the shift in angular frequency of a typical
mode of subsystem 1 as the blocking constraint is re-
laxed, and Aw, is the same thing for subsystem 2.
This is identical in form to an expression due to New-
land,’? which has been further discussed subsequently. !
Equation (64) differs from Newland’s formula by a fac-
tor 2, but the two results do not really refer to the
same situation: we are discussing eigenvalue shift be-
tween a system blocked in our manner and the coupled
system, whereas Newland treats eigenvalue shift be-
tween decoupled (i.e., separated) subsystems and sub-
systems blocked in the Lyon manner.

This qualitative agreement between two quite different

e e e e e e DN ——

—

FIG. 6. Qualitative indication of the sort of cumulative curve
of power transfer to be expected when the coupling network
has a few (three in this case) resonances in the region of in-
terest. The coupling resonances are indicated by dotted lines,
Such curves could be predicted by a combination of statistical
analysis of the subsystems and deterministic analysis of the
coupling, and could represent a useful extension of normal
SEA to cope with such cases of coupling with insufficlent re-
sonances to be treated statistically.
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approaches suggests that one could characterize power
flow in a similar way using any suitable definition of
eigenvalue shift (“suitable” meaning one which goes to
zero as the coupling becomes progressively weaker).
However, this surely does not indicate a direct connec-
tion between eigenvalue shift and power flow, but rather
a link between eigenvalue shift and an appropriate mea-
sure of coupling strength, and a further link between
coupling strength and power flow. It is surely clear
that any sort of weak coupling produces an eigenvalue
shift which increases continuously as the measure of
coupling strength increases, so that by Taylor’s theo-
rem when this measure of coupling is sufficiently small,
the eigenvalue shift is simply proportional to it.

It seems a futile exercise to seek circumstances un-
der which the eigenvalue-shift formula remains a valid
approximation for strong coupling, as has been sug-
gested, Whether this is ever the case will depend
strongly on details of the model in use, in a way which
will be hard to assess in any practical problem. In any
case, it is extremely doubtful whether eigenvalue shift
can ever.form the basis for a useful method of deter-
mining the average power-flow proportionality constant
in SEA modeling. SEA is only of use in frequency re-
gions where the modes of the structure are quite dense.
Now, if one changes the system in some way and tries
to identify the average eigenvalue shift, one has first to
trace which mode of the changed system corresponds to
each mode one of the original system. Since high
modes are notoriously sensitive to small changes in
structure, this is a nontrivial exercise. Even then the
eigenvalue shift will be very small and thus hard to
measure with useful accuracy. Thus while it may be
barely possible to make the method work in a controlled
laboratory experiment, it is unlikely to be feasible in
the field.

We close this section by noting the one important type
of weak coupling between structural subsystems which
does not fit naturally into our general model. This is
coupling via a large impedance discontinuity, Such cou-
pling can, of course, be included in finite-degree-of-
freedom models and thus discussed in terms of poten-
tial, kinetic, and dissipation matrices as we have done.
The reason it does not fit into our model is that it needs
a different type of blocking to separate the subsystems

FIG. 7. The simplest example of coupling of
subsystems through and impedance jump. The
impedance of oscillator “2* is much higher
than that of oscillator “1.”

7\
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in a natural way, and thus provide the appropriate coor-
dinates for a discussion of power flow due to coupling.
The essential thing about the method of blocking which
we have discussed is that by performing one action (im-
mobilizing one or more coupling degrees of freedom)
we block all subsystems simultaneously. By contrast,
for impedance-jump coupling the most natural way of
“blocking” the subsystems on either side of the coupling
involves doing two different things to the two subsys-
tems. We can best illustrate by an example. Figure 7
shows the simplest mass-and-spring example of this
type of coupling: a high-~-impedance oscillator with a
lower-impedance one sitting on top of it. Now the na-
tural way to describe oscillator 2 alone is to remove
oscillator 1, while the natural way to describe oscilla-
tor 1 alone is to immobilize oscillator 2. This separa-
tion describes, of course, what happens to the normal
modes of the coupled system as the impedance differ-
ence tends to infinity. This in turn is precisely the lim-
it in which the coupling we consider goes to zero, and it
is in this sense that we can claim to have described the
most natural form of “blocking.”

This asymmetric blocking appropriate to impedance-
jump coupling is essentially the blocking used exclu-
sively by previous workers in the field (e.g., Lyon®).
Since impedance-jump coupling was especially impor-
tant for the early applications of SEA, this may have
been a sensible direction for the early theory to take.
However, it leads to difficulties in presenting a general
theory which is entirely convincing, and it is precisely
by getting away from it to the simpler, symmetric
blocking that we have been able to give a reasonably
simple account of the fundamentals of SEA for situations
where such blocking is appropriate. Our account is
thus in some ways complementary to the existing liter-
ature, since problems best suited to the traditional
treatment are not included here, while precisely those
questions which present difficulties to the traditional
approach (e.g., resonances in the coupling) are easily
dealt with here. The question of whether an analysis
similar to the one presented above can be usefully per-
formed for weak coupling via impedance jumps is not
pursued further at present.

VI. CONCLUSIONS AND DIRECTIONS OF FURTHER
WORK

We have given a self-contained, systematic account of
some of the circumstances under which the rate of pow-
er flow between two subsystems of a complicated struc-
ture is proportional to the difference of “temperature,”
or mean kinetic energy per vibration mode, between
those subsystems. This proportionality result forms
the basis of the SEA approach to vibration analysis of
the structure. We have found that the most natural con-
text in which to study the proportionality result is be-
tween pairs of coordinates which correspond to normal
modes of the subsystems when blocked (isolated) in an
appropriate way. Our approach differs somewhat from
that taken by previous workers in the field, particular-
ly in the treatment of coupling between subsystems, and
hence in the appropriate method of blocking this cou-
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pling to define precisely what is meant by the separate
subsystems.

We have considered coupling such that an appropriate
method of blocking consists of immobilizing one or
more parts of the structure: coupling of plates through
substantial ribs would represent a typical example. An
important effect of such blocking is that it removes
some degrees of freedom from the system, and in order
to describe properly the vibration of the complete, cou-
pled system we must restore these degrees of freedom.
This enables us to take account readily of a variety of
different types of coupling, including coupling through a
structure (such as the rib separating the plates men-
tioned above) which exhibits a small number of resonant
frequencies itself in the frequency range of interest.
This appears to represent an advance of the convention-
al SEA approach. Degrees of freedom in the coupling
are not explicitly taken into account in that conventional
approach, so that if a coupling structure does not have
enough resonances to be treated as a statistical subsys-
tem in its own right, it cannot usefully be treated at all.

We first sought conditions under which the power-flow
proportionality relation is exactly satisfied. We were
able to reproduce the well-known results of Lyon and
Maidanik? for two coupled oscillators and of Lyon and
Scharton® for many identical oscillators, in both cases
much more simply than the original derivations. We
were also able to provide a significant extension of Lyon
and Maidanik’s result to the general case of two oscil-
lators coupled through any conservative network. The
proportionality result remains exactly true in that case.
We were then able to show that the proportionality result
is not exactly true when we allow for more than two os-
cillators, so that to make further progress one has to
seek approximate results. ’

The most obvious approximations one can make are of
weak coupling in some sense, and of small damping
compared to the potential and kinetic energies of the
subsystems. A discussion of the various possible types
of weak coupling within ou# formulation revealed that
the case of two oscillators coupled through a third rep-
resents a useful approximation to several different
types of weak coupling, while one important type (cou-
pling via an impedance jump) is not readily allowed for
within our general model. For the cases which we
could treat, we obtained expressions for the expected
proportionality constant, and these expressions yield
interesting predictions which differ in some ways from
traditional SEA predictions. These predictions concern
the expected total power flow between two subsystems
when excited with random noise with a flat spectrum
within a limited bandwidth, Three types of weak cou-
pling were described, which can be characterized as
spring coupling, mass coupling, and resonant coupling.
The effect on power flow of the three types was illus-
trated qualitatively in Fig. 5. Further study of the
implications for SEA modeling strategy of the forms of
power-flow proportionality constants arising from these
forms of coupling is desirable. Of the new effects, the
“doubly-resonant” behavior arising from resonances in
the coupling structure is fairly readily allowed for, but
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the “long-range” effects of nonresonant terms are much
more awkward, (By “long-range” we mean that a given
mode in one subsystem communicates energy at a sig-
nificant rate not only to modes of the other subsystem
which are close to it in frequency, but also to more dis-
tant ones.) Possibly these effects can be included in a
SEA model of a structure in a similar way to that used
by Crocker et al. 13 who modeled transmission loss
through a partition separating two rooms with some
success using SEA. They incorporated the nonreso-
nant “mass law” contribution to the coupling of the
rooms in their model as a separate pathway from the
resonant “coincident” transmission. Our nonresonant
terms in Eqs. (51) and (52) also represent “mass law”
coupling in a sense, although the argument justifying
the normal mass law for sound transmission through
partitions is not at all relevant to us.

If the new effects can be thus successfully included in
SEA models of structures, the next question to address
is how they influence the statistical behavior of the SEA
estimates. After all, an estimate, to be useful, needs
to carry some error bounds. Such bounds have been
discussed by Lyon’ for conventional SEA modeling, and
this discussion would have to be extended to include the
new effects. One qualitative result which we can im~
mediately anticipate is that coupling resonances, while
they can be treated as described above, will tend to in-
crease the variance with respect to the SEA estimate of
the mean, since the statistical fluctuations of the real
system compared with the simple assumptions which we
have made will have more effect in the doubly resonant
case than in the usual SEA model.

As well as studying the results of the analysis pre-
sented here, there is more work to do on refining that
analysis. We have made a number of sweeping assump-
tions in the course of the study (although no more so
than previous workers in the field), and it is important
to know how much effect these assumptions have.
Probably the most important of these is the very special
form assumed for the dissipation function. While it
may be acceptable when damping is small to treat it in
a cavalier way, damping is not always small in struc-
tures to which we would like to apply SEA. Indeed, the
prediction of the effect of high-damping treatment ap-
plied to certain parts of a structure is an entirely ap-
propriate question to ask of a SEA model. Thus more
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work needs to be done on how the analysis is modified
by a more thorough treatment of damping, and by a re-
laxation of other special assumptions made to simplify
the initial study. It is hoped that such further studies
will extend the analysis given here to a complete and
theoretically satisfactory base for all SEA modeling of
structural vibration.
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