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3.10 Implications of Redundancy
An important aspect of redundant structures is that it is possible to have internal forces within
the structure, with no external loading being applied. These may exist because of:

• Settlement of supports;

• The structure not fitting together before it was assembled (‘lack of fit’);

• Temperature changes.

In a determinate structure, the structure could deform to take account of these effects. In an
indeterminate structure, the structure cannot freely adjust, and so a state of self stress results.

3.10.1 Example — Support Settlement
A propped cantilever of length l is initially stress-free. Find the resultant stresses in the structure
if the support drops by l/100.

A B

l

l /100

x

Split system in two

B1= 0

B2

RB

δ

δ

+≡

No loading

Reaction at B

From the Structures data book,

δB2 =
RBl3

3EI
Compatibility at the support

RBl3

3EI
=

l
100

, RB = 0.03
EI
l2
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Bending moments

M(x) = 0.03
EI
l2 (l− x)

x
l

M(x)

0

0

0.03 EI/l

3.10.2 Example — Temperature Rise

l

l

The structure shown is initially stress-free. There is then a temperature increase of T . If the
structure has coefficient of thermal expansion α, and bending stiffness EI, what will be the
reactions at the supports?
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2

Forces Displacements

1 1

2

 3 unknowns

M

M

Fy
Fy

h1

θ1

θ2

v1

v2

h2

Fx

Fx

For System 1
h1 = αT l (neglect effect of Fx)

v1 =
Fyl3

3EI
− Ml2

2EI

θ1 =−Fyl2

2EI
+

Ml
EI

For System 2

h2 =
Fxl3

3EI
− Ml2

2EI
v2 = αT l

θ2 =
Fxl2

2EI
− Ml

EI

Compatibility
h1 = h2,v1 = v2,θ1 = θ2

Solution is

Fx = Fy =
12αT EI

l2
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M =
6αT EI

l

Reactions at supports

 

6αTEI/l

6αTEI/l

12αTEI/l2

12αTEI/l2

12αTEI/l2

12αTEI/l2
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3.10.3 Applications of Self-Stress

In a carefully designed system, setting up a state of self-stress can be an important aspect of
structural behaviour. It enable parts of the structure to be prestressed, either in tension or com-
pression.

Cable-stiffened deployable structures

Deployable structures are commonly used on satellites to allow the final structure to be much
larger than the restricted space within the launch vehicle. One approach to deployable structure
design is to have a set of cables which can be prestressed at the end of deployment. These
cables don’t affect the deployment, but when prestressed at the end of deployment, they make
the structure much stiffer. Without prestress, a cable cannot take any compressive load. With
prestress, this compressive load is superimposed on an initial tension, and so the cable acts as a
structural member.

Bicycle Wheels

The hub on a bicycle wheel is supported by very thin members, the spokes. The spokes would
buckle at a very low load if they weren’t prestressed, so they are tightened to ensure that they are
always in a state of tension - only possible because it is a redundant structure.

Prestressed concrete beams

Concrete is a useful material in compression, but will crack and fail at very low tensile stresses. A
common structural element is a prestressed concrete beam, where steel tendons within the beam
are tensioned, thus setting up a state of self-stress with the concrete in compression. Subsequent
bending stresses will then not cause the concrete to crack.

Tensegrity Systems, Fabric Roofs and Balloons

Tensegrity (Tension-Integrity) structures were popularised by Buckminster Fuller. They are
structures where compression members are connected together by a web of cable tension mem-
bers so that none of the compression members touch one another. In common with fabric roofs,
and balloons, they only have stiffness because they are initially prestressed - a state of self-stress
exists in the structure. In tensegrity systems, turnbuckles are included to deliberately introduce
lack of fit. In fabric roofs the fabric is pretensioned by cables, and a balloon is prestressed by
internal pressure. We will look at a simple ill-conditioned structure to explain the concept.

l l
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Ignoring second order effects (we are considering very small movements away for the initial
position, and so the bars do not change length, and the internal force remains constant), what is
the stiffness of the structure to lateral loads? Consider the joint moves by a small distance δ.

No prestress

δ/l

δ

00

0

Prestress T

 
δ/l

δ

TT

2T δ/l
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3.11 Analysis of Symmetric Structures
Many structures possess some symmetry. This may be just a simple plane of symmetry, or the
more complex symmetry of a radio telescope. It is possible to make use of symmetry to simplify
the analysis of structures. We will concentrate on the simplest case, bilateral symmetry, but
similar techniques can be applied to more complex symmetry.

3.11.1 Symmetry Properties for Bilateral Symmetry
A structure with bilateral symmetry has a single plane of reflection.

Symmetry and Antisymmetry

During this section we will often use the terms symmetric and antisymmetric. The definitions of
these terms are:

• Anything symmetric is preserved by reflection of the structure in its plane of symmetry.

• Anything antisymmetric is reversed by reflection of the structure in its plane of symmetry.

Symmetric Examples Antisymmetric Examples

Loads

Displacements
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Splitting Unsymmetric into Symmetric and Antisymmetric

A very useful property is that any unsymmetric load or displacement can be split into a symmetric
and an antisymmetric component. For example:

w / unit length

P

P/2

0.5w / unit length

P/2

P/2

0.5w / unit length

P/2

Forces

= +

unsymmetric loading

symmetric

antisymmetric

Displacements

 

+=
unsymmetric displacement

symmetric

antisymmetric
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Response to Symmetric and Antisymmetric Loading

The reason that symmetry can help with structural analysis is because:

1. A symmetric structure, subject to symmetric loads

(a) Will only have symmetric internal forces;

(b) Will only undergo symmetric displacements.

2. Similarly, a symmetric structure, subject to antisymmetric loads:

(a) Will only have antisymmetric internal forces;

(b) Will only undergo antisymmetric displacements.

We will prove this to be true for two of the four possibilities, but similar arguments could be
used for all four. In each case we will examine the simple portal frame shown below.

plane of 

symmetry
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Internal Forces due to Symmetric Loading

Consider the frame subject to a uniform loading across the beam. We will look at the structure
from both sides, views 1 and 2, and carefully examine the stress resultants at the centre of the
beam.

View  1View  2

View  1

View  2

T T
S S

T T
S S

M M

M M

Subtracting  2  from  1  gives a structure that is unloaded

2S 2S
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Although there is no external load, our analysis has shown a resultant shear force of 2S. Since
this cannot be true, the shear force S must be zero. We could have repeated the analysis with any
symmetric load, any symmetric/antisymmetric stress resultants. We would always find the same
result. Symmetric loads on a symmetric structure can only give symmetric internal forces.
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Displacements due to Antisymmetric Loading

Consider the frame subject to an antisymmetric distributed loading across the beam. We will look
at the structure from both sides, views 1 and 2, and examine three possible modes of deformation.

View  1View  2

Examine the possible displacements. The actual displacement will be some combination of these
three.

Adding  2  to  1  gives a structure that is unloaded

vertical horizontal rotation

View 1

View 2
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Although there is no external load, our analysis has shown a resultant displacement. This
cannot be true, and hence the symmetric displacement due to the antisymmetric load must be
zero. We could have repeated the analysis with any antisymmetric load, any symmetric displace-
ment. We would always find the same result. Antisymmetric loads on a symmetric structure can
only give antisymmetric displacements.

3.11.2 Example — Symmetric Analysis

Find the displacement of the centre of the beam in the portal frame due to the load shown.

W

2l

l l

This frame has one redundancy, which we could take as the horizontal force at the base

W

HH

W/2W/2

Because of symmetry, we can consider only half the structure
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2l

l

Forces Deflections

v

v

h=0

H

W/2

A B

C

Examine each part separately, and use data book coefficients

A B

B

C

2HL

H

H

v
hBC

θB

W/2

W/2

v =
W
2

l3

3EI
−2Hl

l2

2EI
=

Wl3

6EI
− Hl3

EI

θB =
W
2

l2

2EI
−2Hl

l
EI

=
Wl2

4EI
− 2Hl2

EI
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hBC = H
(2l)3

3EI
=

8Hl3

3EI

Horizontal deflection
h =−θB×2l +hBC

=−Wl3

2EI
+

4Hl3

EI
+

8Hl3

3EI

To satisfy compatibility, h = 0
20
3

H =
W
2

H =
3W
40

Vertical Deflection

v =
Wl3

6EI
− 3W

40
l3

EI

=
11

120
Wl3

EI

3.11.3 Example — Antisymmetric Load

Find the displacement of the centre of the beam in the portal frame due to the load shown.

W

2l

l l
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Although the frame has one redundancy, as we saw in the previous example, the redundancy was
symmetric. For our antisymmetric analysis, we can calculate all forces using antisymmetry and
equilibrium.

W

WW

W/2 W/2

Again because of symmetry, we can consider only half the structure

2l

lh

W/2

Examine each part separately, and use data book coefficients

A B

B

C

hBC

θB

W/2

W

Wl
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θB = Wl
l

3EI

hBC =
W
2

(2l)3

3EI
=

4Wl3

3EI

Horizontal deflection
h = θB2l +hBC

=
2Wl3

3EI
+

4Wl3

3EI
=

2Wl3

EI

3.11.4 Example — General Load
Find the displacement of the centre of the beam in the portal frame due to the load shown.

W

2l

l l

α

Horizontal displacement is only due to horizontal load (antisymmetric)

h = 2
W cosα l3

EI

Vertical displacement is only due to vertical load (symmetric)

v =
11

120
W sinα l3

EI

Try Questions 1,2 and 3, Examples Sheet 2/4




